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PREFACE 

The object of this book is to present in an elementary manner, 
in English, an introduction to Lie's theory of one-parameter groups, 
with special reference to its application to the solution of differen- 
tial equations invariant under such groups. 

The treatment is sufficiently elementary to be appreciated, under 
proper supervision, by undergraduates in their senior year as well 
as by graduates during their first year of study. 

While a knowledge of the elementary theory of differential equa- 
tions is not absolutely essential for understanding the subject 
matter of this book, frequent references being made to places where 
necessary information can be obtained, it would seem preferable to 
approach for the first time the problem of classifying and solving 
differential equations by direct, even if miscellaneous, methods to 
doing so by the elegant general methods of Lie ; and this book is 
intended primarily for those who have some acquaintance with the 
elementary theory. To such persons it should prove of great inter- 
est and undoubted practical value. An attempt has been made 
throughout the work to emphasize the role played by the Lie theory 
in unifying the elementary theory of differential equations, by 
bringing under a relatively small number of heads the various 
known classes of differential equations invariant under continuous 
groups, and the methods for their solution. Special attention may 
be called to the lists of invariant differential equations and applica- 
tions in §§ 19, 28, 30; while the two tables in the appendix include 
most of the ordinary differential equations likely to be met. 

Only as many examples involving the solution of differential 
equations as seem necessary to illustrate the text have been intro- 
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duced. The large_ number usually given in the elementary text- 
books seems ample for practice. 

The short chapter on contact transformations, while not essential 
to the work, has been added for purposes of reference and to give 
the student sufficiently clear ideas, so as to provide a working 
knowledge, in case he has occasion to apply them. For the same 
reasons, the rather sketchy note on r-parameter groups has been 
added, where an attempt is made to bring out, as concisely as 
seems consistent with clearness, the relations between r-parameter 
groups and their infinitesimal transformations. An exposition of 
the general theory would be beyond the scope of this work. 

To a large extent Lie's proofs and general mode of presentation 
have been retained, both because of their elementary, direct char- 
acter, and because the subject is so essentially Lie's own. An 
attempt has been made, however, at a more systematic arrange- 
ment of the subject matter and at identifying more closely the 
classes of differential equations invariant under known groups with 
those considered in the elementary theory. 

The author takes pleasure in expressing his appreciation of the 
valuable suggestions made by Dr. J. R. Conner, who kindly con- 
sented to read the proofs. 

■ABRAHAM COHEN. 

Johns Hopkins University, 

Baltimore, Md., August, igii. 
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LIE'S THEORY OF 
DIFFERENTIAL EQUATIONS 

CHAPTER I 

LIE'S THEORY OF ONE-PARAMETER GROUPS 

1. Group of Transformations. — The set of transformations 

(i) Xi=<l>{x,y,a),yi = 4i{x,y,a)* 

each one being determined by some value of the parameter a, con- 
stitutes a group if the .transformation resulting from the successive per- 
formance of any two of them is one of the transformations of the 
aggregate. In other words, assigning a definite but arbitrarily selected 
value to the parameter a, and then any second value b (where b may 
or may not be equal to a), this second transformation being 

(ik) Xi = </)(a:i, jKi, b), y.^ = ,l;(xi, y„ b), 

the transformations of type (i ) form a group if the results of eliminat- 
ing Xi and jVi from ( i ) and ( ij , i.e. 

X2— <l>\_<t>(x, y, a), il>(x,y, a), 3], y2=^[<t>(x, y, a), >ii{x,y, a), b'] 

* Here ^ and \p are supposed to be generally analytic, real functions of the three 
quantities x,y, a; and. unless especially stated, it will be understood that x and y are 
real, and that a takes such values only as render x^ and yi real. Besides, (p and ^ are 
independent functions with respect to x and /, alone ; i.e. 



^o: 



df 

~dx 


B<t> 
dy 


5^ 

dx 


d'f' 
dy 



so that equations (i) can be solved for x and y. 

I 



2 THEORY OF DIFFERENTIAL EQUATIONS §I 

reduce identically to 

Xi=<t> (x, y, c), ^2 = 1^ (•«> y^ <:)> 

where c is a function of a and b only. If (i) be represented by T^ 
and (li,) by T^, the group property may be expressed symbolically 

' We shall speak of T^T^, as the product of T^ and T^, ; and shall under- 
stand that it represents the transformation resulting from the succes- 
sive performance of T^ and 7^, in the order named. With this in 
mind, the f;roup property of a set of transformations may be expressed 
in the words, the product of any two transformations of the group is 
equal to some transformation of the aggregate. 

As an example, consider the translations* 

I -ri = Jr, yx =y+ a. 

After having fixed upon some value a of the parameter, a second transformation 
of the set, corresponding to the value i, is 

^2 = ^i, yi =yi + b. 

The result of the successive performance of the two is 

X2 = X, y2=y + a + i, 

which is again a translation of the set, with a -r /'AS the value of the parameter. 
Hence, all translations of the type I form a group. 
As another example, consider the rotations f 

II jTi = j: cos a — y %\n a, yi ■= x sm a + y zos a. 

* It will frequently be found convenient to consider this subject from a geometrical, 
point of view. A transformation of the form (i) may be looked upon as transforming 
the point (x,y) into the point (x^.y^). The effect of a transformation I is. obviously, 
to carry any point the distance a in the direction of the axis oiy. So that the effect on 
all the points of the plane is that of a translation of the whole plane over a distance a 
in the direction of the axis oly. 

t Obviously the effect of a transformation of this type on the various points of the 
plane is that of a rotation of the whole plane, through the angle a, about the origin. 
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The result of first performing the transformation corresponding to some definite 
value of a, and then a second one, 

x< = xi cos b — y\, sin b, y-i = jti sin b -\^ yx cos b, 
is X2 = X COS {a + b") — y sin (a + b), y-i = jr sin (a + *) -\- y cos {a + b'), 
which is again a rotation of the set, with « + ^ as the value of the parameter. 

Hence, all rotations of the type II form a group. 

The ajfine* transformations, 

III XX =x, yi = ay, '}■-* -j 

form a group, since the result of two transformations in which the values of the 
parameter are a and b^ respectively, is 

x-i = X, y2 = "by, 
where ab is the value of the parameter. 

In the same way it is readily seen that the perspective or similitudinous \ 
transformations, 

IV xi = ax, yx = ay, 
form a group. 

In the groups considered in the Lie theory it is presupposed that 
the transformations can be arranged in pairs, the members of which 
are mutually inverse t ; that is, if (i) be solved for x and y, their 
values in terms of Xx and j, assume the forms 
(i) X — if,{xx, y„ a), y = \p{xx, yx, a), 

where a is some function of a. 

Thus in the examples above we have the inverse trarisformations : 
I. X = Xx, y =yi — a ; here a=—a. 

II. X = Xx cos a + yx sin a, y = — xx sin a + yx cos a ; a = — a. 

III. X = Xx, y = -y'i\ « = -• 

a a 

TIT I I - > 

IV. x = ~xx, y = -}'i; " = - 

a a u 

* Following Lie, this name is used here in a restricted sense to apply lo transforma- 
tions of the types III and III', S 19. The term goes Ijacli to Moebius (1790-1868), and 
usually includes all entire linear transformations jt; =ax x + ixy + cx,yx= a^x^ iiy + c^. 

+ So called because the effect of any one of them is to stretch the vector going from 
the origin to the point (x, y) in the ratio - , leaving its direction unaltered. Any figure 

in the plane is, therefore, transformed into one similar to it by a transformation IV. 
. X Such groups will be referred to as Lie groups when this property is to be em- 
phasized. 
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Since the successive performance of two mutually inverse trans- 
formations results in the identical* transformation, the latter must 
always be a transformation in every group considered in this theory t ; 
hence, there must always exist a value, a^, of the parameter which- 
reduces the corresponding transformation to an identity 

(x^ = <^{x,y, a^=x, 
yy-i. = '^\x,y, a„) = y. 

It is readily seen that in the case of I, II, III, IV the values of no are o, o, I, I 
respectively. 

Since <^ and >fi are continuous functions of the parameter a, if we 
start with the value a^, and allow a to vary continuously, the effect 
of the corresponding transformations on x and y will be to transform 
them continuously ; that is, for a sufficiently small change in a the 
changes in x and y are as small as one pleases. Looked at geometri- 
cally, the effect will be to transform the point (x, y) to the various 
points on some curve, which is known as a. path-curve of the group. 

Thus in the case of I, the point {x, y) is transformed into the various points 
on the line through it, parallel to the axis of_>'; in the case of II, the path-curves 
are obviously circles having the origin for center ; in III the path-curves are 
again lines parallel to the axis oi y, while in IV the path-curves are straight lines 
through the origin. 

It is evident that when x and y are considered as constants while 
Xi and yi are taken as variables, the equations (i) are the parametric 
equations of the path-curve through the fixed point (.*, y). Hence, 
the path-curve corresponding to any point (x, y) may be obtained by- 
eliminating a from the two equations of (\). 

• Identical transformation is the name given to a transformation that leaves un- 
altered all the elements upon which it operates. 

\ Groups exist in which the parameter enters in such a way that there is no iden- 
tical transformation. (See Lie, Trans/ormationsgruppen, Vol. I, { 44.) Such groups 
will not be included among those considered here. 
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Remark I. — It is readily seen that, in general, the path-curve 
corresponding to any point corresponds equally well to every other 
point on it. 

There is a possible exception to this statement. A point may be left un- 
altered by every transformation of the group ; as, for example, the origin in the 
case of II. Such a point would naturally not have a path-curve. In the case of 
III, every point on the axis of j: is left unaltered; hence, a line parallel to the 
axis of >- is the path-curve of every point on it, except the point where it cuts the 
axis of X. In IV a line through the origin is the path-curve of every point on it, 
except the origin, which is left unaltered. 

Remark 2. — The parameter may appear in various forms in the 
transformations that determine a given group. 

Thus jTi = JT, ^1 = / -I- a^ also determines the group of translations I. In this 
case a must take imaginary values, as well as real ones, in order to give all the 
transformations of I. As a matter of fact a = ia. On the other hand, a negative 
value fur u determines the same transformation as the corresponding positive 
value. 

The group of rotations II can also obviously be written 



x\ = xy/\ — a^ — ya, yi = xa + yVi — a'K 

It is always possible (and in an indefinite number of ways) to 
choose as a new parameter such a function of the parameter appear- 
ing in any group that the value giving the identical transforma- 
tion is any desired number. For example, this number will be if 
a is replaced by «(/""'. In particular it will be zero if a is replaced 
byao^. 

Thus if III and IV, where a^ = l, are written 

•*! = x,}'i= e'y and xi = Cx, yi = e'y, 

respectively, = will determine the identical transformation. In this form, 
complex values of a are necessary to determine transfurmations which cor- 
respond to negative values of the parameter in the original furms of the trans- 
formations of these groups. 
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Show that the following transfornjations constitute a group. Find 
the respective values of the parameter that give both the inverse and 
the identical transformations. Also find the path-curves : — 

Ex. 1. Xi = ax, J', = -y. Ex. 2. Xi = a'x, y^ = ay. 
Ex. 3. Xi = a-x, ji = a^y. 



Ex. 4. aTj = + v.!- + 2 a, Vi = + v j'"' — a. 

Ex. 5. Xi=^x cosh a +y sinh a, jVi = ^ sinh a +y cosh a. 

_ X V 

Ex. 6. af, = , r, = — 

I — ax ' I — ax 

Ex. 7. Xi = ax + (a — i)j', .I'l =y- ^' • 

Ex. 8. Xj=:e°(xc6sa — ysma),yi^e\xsma-\-ycosa). 

2. Infinitesimal Transformation. — Since 4> and xp are continuous 
functions, the transformation 

jci = <t,{x, y, ao + Sa), _>'i = il/{x, y, «„ + 8a), 
where flois the value of the parameter determining the identical trans- 
formation and %a is an infinitesimal, changes x and y by infinitesimal 
amounts. Developing by Taylor's Theorem 

X'i. = ^{x,y, a„) +(-^j^ + •■■> 
y^ = ^(x,y,a,)+(^f^jSa+.... 

Noting that <t>ix,y, ao) = x, <p(x,y, a^ = y, the changes in x and y 
due to the transformation are 

x,-x = lx=(^^ha+:; 



y,-y=iy=(^\la+- 
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where terms in higher powers of &a are indicated by dots. Since a,, 
is a fixed value of the parameter, the only variables remaining in 

(-^] and [ -^ ) are* and jf. Writing 

the transformation takes the form 

Higher powers of the infinitesimal 8a may be neglected, provided at 
least one of | and 17 does not vanish identically {i.e. for all values of 
X ahdv), and neither of them is infinite. In this case the transforma- 
tion producing an infinitesimal change in the variables is 

(2) ^=i{x,y)ha, hy = r,{x,y)ha. 

This is known as an infinitesimal transformation. 

Remark I. — Since k^, where k is any finite constant different 
from zero, is an infinitesimal when ha is, the latter may be replaced 
by the former in (2). Hence, the infinitesimal transformation (2) is 

&x = k^{x, ri)ha, &y=kri{x,y)Sa. 
On the other hand, \(/{x, y) is not a constant, 

«* =/(.x, y) ■ ^^, y)^, Sj =/(■*, y) • v(^. y)^ 

is distinct from (2). 

Remark 2. — In case ( ~) and ( — ) are both identically zero, 

or if one of them is infinite, the method of this section for finding an 
infinitesimal transformation of the group must be modified. In Note I 
of the Appendix the existence of an infinitesimal transformation of 
the group is established in ez>ery case, and a method for finding it is 
also given. Moreover, in the same note it is proved that a one-param- 
eter group contains only one distinct infinitesimal transformation. 
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In general, the method of this section for finding i and t) will be 
found applicable ; when not, that of Note I may be employed. 

In the case of I the infinitesimal transformation is 
xi = X, yi=y + Sa, 
or Sx = 0, Sjj/ = 6<2 ; 

i = o, , = i. r|^ = o,f!:=i.] 

Lda da J 

For II, the infinitesimal transformation is 

x\ = X cos (5a) — y sin (6a), yi = x sin (Sa) + y cos (5a). 

Since cos (Sa) = i - i^^ 4- ■■•, and sin (Sa) = Sa - ^^^ + •■■, and infini- 

2! 3! , 

tesimals of higher order than the first may be neglected, cos (Sa) may be re- 
placed by I, and sin (Sa) by Sa. Hence, 

Sjc = — yda, by = xSa ; 

'=- •'" [{S).=-(a"] 

Similarly, it is readily seen that for 

III i = o, r,=y, 

IV i = x, v=y. 

Ex. Find the infinitesimal transformations of the groups in the 
exercises of § i . 

3. Symbol of Infinitesimal Transformation. — In the infinitesimal 
transformation 
(2) &x = ${x,y)Sa, Sy = r)(x,y)Sa, 

S is the symbol for differentiation with respect to the parameter a ; ■ 
but in a restricted sense, since it is used to designate the value 
which the differential of the new variable Xi or yi assumes when a = 
Oq.* Thus 

• The exceptional cases noted in Remark 2, ^ 2 are due to the way in which the 
parameter enters and are not peculiar to any group. (See ^4.) Hence, no modifica- 
tion of the statement made in the text need be insisted upon, provided it is undeistood 
that the parameter is chosen in proper form. 
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U /{x,y) is a generally analytic function of x and y, the effect 
of the infinitesimal transformation on it is to replgice it by 
/{x + i8a, y+r/Sa), which on expanding by Taylor's Theorem 
becomes 

/(x+$8a,y+r,Sa)=/ix,y)+U^£ + r,^ya+ .... ; 

Lie introduced the very convenient symbol [^ for the coefficient 
of Sa in this expansion ; so that 

(3) Uf^i^ + n^f 

ox oy 

It is readily seen that [^= (^^ 

where /i=/(a:j, :>>,). 

In particular Ux = $, Uy=-q. 

Since Uf can be written when the infinitesimal transformation (2) 
is known, and conversely, (2) is known when L^ is given, ly is said 
to represent (2). For convenience of language we s|iall usually 
speak of " the infinitesimal transformation Uf" instead of " the trans- 
formation represented by Uf." But it must be borne in mind that 
tj'is not a transformation ; it is only the representative of one. 

The infinitesimal transformations in the cases of I, II, III, IV are 

dy ax dy oy dx oy 

respectively. 

a a 

Remark. — The differential operator C/s i h ri — has striking 

dx dy 

properties, many of which will be brought out in the course of this 
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work. It is, to a large extent, because of these properties that Lie's 
introduction of the idea of the infinitesimal transformation has 
proven so prolific of results. 

4. Group Generated by an Infinitesimal Transformation. ^ In § 2 
was given a method for finding the infinitesimal transformation of a 
one-parameter group when the finite transformations are given. Con- 
versely, the finite transformations can be obtained when the infini- 
tesimal transformation is known. 

Attention was called in Remark 2, § i, to the fact that the 
parameter may be made to enter in such a way that the identical 
transformation is given by any desired value of the parameter. It 
is frequently convenient to- have the parameter in such a form 
that its vanishing gives the identical transformation. In future, 
when this is specifically understood, / will be used for the param- 
eter. In the general case, when this form is not insisted upon, a 
will be retained. 

The infinitesimal transformation Uf'=i. — -\- w — , or 

Qx dy 

(2') Sx==i(x,y)S/, Sy = ->,(x,y)8/, 

carries the point (x, r) to the neighboring position (x + ^Sf, 
y + TjS/). -The repetition of this transformation an indefinite 
number of times has the effect of carrying the point along a path * 
which is precisely that integral curve of the system of differential 
equations 

(4) ^' = i(^r,yd, f^ = v(^i.yO. 

which passes through the point (x, y). At any stage pf the above 
process x and y have been transformed into x^ and j,, and the 

* This is obviously the path-curve (^ i) of the group, corresponding to the point 
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formulae' of transformation are given by those solutions of (4) or of 
their equivalents 

for which x-^ reduces to x and Vi to _y for /= o. 

The first two members of (5) being free of / form a differential 
ciiuation whose solution may be written 

«(^i. y^) = ':o"'t- = «(^. y), 

since x^=i x, y-^=^y when /= o. This is the equation of the path- 
curve corresponding to the point {x, y). 

Solving a(jr„ j^) = c for one of the variables,* to fix the idea, say 
jri = co(_)i, c), and replacing Xi in t] by u>, the resulting differential 
equation j 



rii-'{yun>yi'\ 



= dt 



(6-) 



can be solved by a quadrature. Replacing c by its value in terms of 
jcj and 7i this solution takes the form 

^'(^1. y\)-'= const. = V (x, y). 
Hence it follows that 

"(^i,yi) = "(^,y), 

v{xi,y^ = v{x,y)+t, 

determine x-^ and ji as those solutions of (4) or (5) which reduce to 

-V and y respectively for / = o. 

Looking upon (6) as a transformation, the following may be noted : 
1° The result of the successive performance of two transformations 

"{xi,yx) = u{x,y) 1 ^^^ [u{Xi,yi)=Ji(x,,y,\ 
^'(■^1, }\)= K^, y)+ ' I 1 «'(-^i>. ,''2)= ^'(-■^i. y^) + '\ 

* At times it will be more practical to use some of the other methods given in 
;h - .luilior's Elementary Trcntiso on Differential Equations (in future referred to as 
1- ■ i'^r. \.j\.) ,1 65 for finding a second solution of (5J. 
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is the same as that of the single transformation 

"(■^2. J'2) = uix, y), 
v{x.,,y^ = v{x,y)^i-\-t'- 

2° The value — / determines the transformation inverse to that 
obtained by using t. 

3° / = o gives the identical transformation. 

Hence the aggregate of all the transformations (6) for all values 
of / constitute a group of the kind considered in the Lie theory ( §1). 
This group (either in the form (6) or when solved for ;ri and j,) is 
known as the group generated by the infinitesimal transformation (2').* 

Moreover, the parameter enters in such a way that ( -^ ] = Ox, }•), 

f -^ j = r^x, y). Since there was no restriction placed on the $ and 

Tj in (2'), other than that they are generally analytic, which is always 
presupposed, we have shown that it is always possible to put the finite 
transformations of a one-parameter group in such form that the ex- 
ceptional cases noted in Remark 2, § 2 will not arise. 

In I, equations (()ue z=^:— = — ■ 

■' oil 

• ■ "(■ri.7i)=-»^i = -f- 

■u{x-i,y()=y\ -y + 1. 

In II, flCr, ^dyi^dt 

-yi xi I 

Using method 3°(o) of § 65, £/. Dif. Eg. 

x\-+yi' 
■ ■ v(x, vj =tan-'— = tan-'- + /. 

Jl JC 

• Since the finite transformations of a group can be calculated when its infinitesi- 
mal transformation is known, the latter may he looked upon as the representative of 
the group. We shall often speak of " the eroun F^/"," understanding by this "the group 
whose infinitesimal transformAlioii la lepreacnted by CY." 
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To solve these two equations for xi and j'l, so as to obtain the transfonnation 
in the usual form, one may proceed as follows : ■* _ %^ 

Taking the tangent of each side of the second relation, "Vv^ 

ri y 4- XT ^ 

=— = , where t s tan /. 

xi X — yr ,. 

Adding i to the square of each side and taking account of the first relation, 
I \ + t' 









x{' 


"(•'■ 


-yry 


I 


Whence 






Xi ■ 


X - 


-yT 


= X cos / — J' sin i. 




+ t' 






I 




= cos 


t and 


'^ — sin i; 




Vl + T- 




Vl +T^ 


d 

In III, it 


is readily 


seen that 


n 


XT 


+ y 


= X sini + y cos /. 






«(jr], 


n) 


= x\ -■ 


= X, 








■"{xi. 


Vl)i 


= log 


y\ = log^ + t, or yx = ^y. 



and 



A'oie. — It is evident that the solutions of (5) need not always be found in the 
form (6). Other forms may be easier to solve for xi and yi. Thus in IV 

log xi =log X + i and log^'i = \ogy + t 

are a pair of obvious solutions of the differential equations (5), and lead at once to 

Xi = e'x, yi = e'y. 

Find the groups whose infinitesimal transformations are the follow- 
ing : 

Ex. 1. xf-yl- Ex. 5. y£ + x^ 



|+„,|. Ex. ,. (.+.v)|. 

'__L|:. Ex.8 (*->)|^-, ,. ,„, . 

xdx 2ydy ' ' ax ^ ' dy 
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5. Another Method of Finding the Group from its Infinitesimal 
Transformation. — Starting with an infinitesimal transformation 

it was seen in § 4 that the finite transformations of the group 
(1 ') x^ = <^{x, y, t),y^ = >p{x, y, i) 

generated by it can be found in such form that 

The finite transformations can be obtained (expanded in powers 
of /) without integration by means of the following considerations : 

The effect of any transformation (i') being to replace x and y by 
x-i andjVi, it will change any function f{x, y) into f{xi,y^. Assum- 
ing /(Xjjy). to be generally analytic, since /(x^, y-^ depends upon /it 
can be developed by Maclaurin's Theorem. 

where f=f{x,y),f\=f{^^y\)- Writing likewise 

so that (|i)o = i, (7?i)o = V> C ^1/1)0 = Uf, it follows that 

I =^.A, whence (1)^=6'/ 

Moreover ^ = |- UJ^ = U, UJ^= U^f,. 
at- dt 



Hence {^^^^.UU/^UV. 



Similarly (^^ = UUUf= If^f; and so on. Hence the effect of 



§5 
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IS 



any finite transformation (i') on/ is given by 



(7) 



2! 



In particular the finite transformations of the group are given by 
the formula (7) when/is simply x and j, thus 

/a 



(8) 



x^=^''x = x->rUxt+U^x—-\ 



2 1 



where, it will be recalled (§ 3), Ux — ^, Uy = -q. 

It is readily seen that for the group in the form (8) as in the form 



(6) §4 


T,T,. = r,+,,, t=—t, /„ = 0. 


In I 


dy 




Ux = 0, U^x = 0, ■•■ ; Uy=i, U-y = 0, [/'■'y = 0, •••. 


Hence 


x\ =x,yi=y + i. 


In II 


U/^-yf+x^J: 
dx dy 




Ux = -y, mx = t/( -y-) =-x, C/-V= U (- x) = y, and so on 


Hence 


'.■='(-s-:i--)-4-?-^-) 




= X COS / — ^ sin /. 



Similarly y, = x{^t - ^^+f-- ...^ +^(. _ ^ + £1 _ ...) 
= X sin t + y cos /. 



In III U/=y 



By 



Hence 



Ux = o, U^x = o, ■■■ ; Uy=y, U^y =y, U^y =y, ■■ 



xi = x,y,=y[i +< + '- + '-+ -j 



2! 3! 



^y^ 



' Symbolically this may be written /, — e"'/. 
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In exactly the same vay the finite transformations of IV are found to be 
xi = xe',yi =ye'. 

Ex. Solve the problems of § 4 by the method of this section. 

6. Invariants. — A function of the variables is said to be an inva- 
rianf oi a. group (or invariant under the group) if it is left unaltered 
by every transformation of the group. 

Thus, it is immediately obvious that any function of x alone is invariant under 
the groups I and III, while any function of x:- + y- is such under II. 

We saw (§5) that 
(7) Ax„y,)-/(x,y)=C//^+L-y^-+ .... 

2 ! 

In order that /(^i, ;'])=/( a", y) for all values of x and y, and the 
corresponding values of j^i and_)'i into which they are transformed by 
each of the transformations of the group, i.e. for every value of /, it 
is necessary and sufficient that each coefficient in the right-hand 
member of (7) be zero for all values of x and j'. In particular, it is 
necessary that 

Moreover, since U'^f—UUf, U"f^UU-f, ■■•, it follows at once 
that (9) is also the sufficient condition that /(jCj, V])=y(jr, j) for ail 
values of x, y, and t. Hence, the 

Theorem. — The necessary and sufficient condition that fix, y) be 
invariant under the group Uf is Uf= o. 

Remark. — This theorem may also be expressed as follows : The 
necessary and sufficient condition that fix, y) be invariant under a 
one-parameter group is that it be left unaltered bv the infinitesimal 
transformation of the group. On succeeding pages will be found 
cond'tions for in variance of curves, families of curves, differential 
equations of various types, and so on. In each case it will be found 
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(although specific mention of the fact will not be made) that the con- 
dition for invariance under the group always reduces to that of in- 
variance under the infinitesimal transformation of the group. 

To determine invariant functions, it is necessary to solve the partial 
differential equation a/ ;i/- 

The corresponding system of ordinary differential equations is 

, ^ dx d\ df 

(lo) _=^ = ^. 

f T/ O 

/= const, is one solution of the system. 

If, besides, ti{x,.y)= const, is the solution of the equation involving 
the first two members, the general solution of (9) is, by Lagrapge's 
method,* , - ^ 

Inlandlll f^ = ^ = ^. 

o 17 o 

.'. u'S.x; andy= /"(jr). 
In II »S.r-+7-; ancl/= /•(jT^+y). 



In IV «si; and/=/- -' 

X \x 

Ex. Find the invariants of the groups in the problems of § 4.. 

7. Path-curves. Invariant Points and Curves. — As was seen in 
§ 4, the differential equation of the path-curves of a group is readily 
obtained from the infinitesimal transformation of the group. Thus, 
jiuing X and y as the variables, it is 



or 



<iy . 


= 5, 


dx' 


i' 


dx 


Jj_ 


i ^ 


V 



• See £1. Dif. Eg. ^ 79. 
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The general solution of this equation, 

u (x, y) = const., 

is the equation of the family of path-curves. As u (x,y) is an invariant 
of the group (§ 6), it follows that the equation of a path-curve is 
obtained by equating an invariant to a constant. Moreover, it is clear 
that this property is characteristic of an invariant ; that is, if equa- 
ting a function to any constant whatever gives the equation of a 
path-curve, that function must be an invariant. 

But this is not the only form in which the equation of a path- 
curve may appear.* A path-curve is an invariant curve of the 
group, hence its equation must be invariant. \l f{x, y) = o is to be 
an invariant equation, fix-^, y^ must vanish for all values of x^ and ji 
into which the various values of x and_v which satisfy/(jr, v) = o are 
transformed by the transformations of the group. Now, we have seen 

(7) /(^i, J.) =Ax, y)+uft+ u"-/-, + •••• 

2 ! 

If the right-hand member is to vanish whenever /(jt, v) does, for every 
value of /, it is necessary and sufficient that each coefficient should do 
so. In particular, it is necessary that 

(12) Uf= o, whenever /(*, _y) = o, 

that is, 67^ must contain /(jc,^) as a factor.! 

But if Uf=,^{x,y)f{x,y^, 

then LTf = UUf= Uwf+ a> Uf= ( C/«. -f- <«y ; 

i.e. t^y also contains /(x,j) as a factor. 

* Thus, while -^ = c is readily seen to be the equation of the family of path-curves 

of the group tysj;-r—+.)'-r-, j'—itj; = o is another form for it. U(y— cx)^^ — ex -'f-y 

ax dy 
does not vanish for all values of x and;/; but it does vanish for those values satisfying 
the equation of the path-eurves ; see (12) below. 

t It is presupposed that/(j:,>') contains no repeated factors. 
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In the same way it can be shown that every coefficient in (7) con- 
tains /(jr,jv) as a factor, whenever U/' does ; for if 

U'/= Kx, y)f{x, y), U-^V= UU-f= ( UQ + flo,)/ 

Hence the vanishing of Uf whenmer fix, y) does is both the necessary 
and sufficient condition that fix, y) =-0 be an invariant equation. 

In case Uf= o for all values for x and y, the above condition is 
fulfilled. But this we recognize as the condition (9) that f(x, y) be 
an invariant. Hence, not only is fix, y) = o a path-curve, but 
fix, y) = any constant is one in this case. 

Remark. — It should be noted that 

may vanish because I = o and ?; = o • for certain values of the vari- 
ables. In general these two equations determine a finite number of 
values of the variables. Remembering the significance of ^ and 17, 
these values of the variables are left unaltered by all the transforma- 
tions of the group ; so that the points having these values for coordi- 
nates are invariant points. If it happens that ^ and rj contain a 
common factor, <i>ix, y), it is obvious that a)(jc, v) = o is an invariant 
curve, in that every point of it is invariant. Following Lie, and 
desiring to preserve the significance of the name, we shall not include 
this class of invariant curves among the path-curves. 

Summing up the results of this and the preceding section we 
have the 

Theorem. — 77ie necessary' and sufficient condition that fix, y) = o 
be invariant under the group Uf is that Uf^= ofor all values of x and 
y for which fix, y) = o, it being presupposed that fix, y) has no 
repeated factors. 

• Still another possibility is that -^^ =0 and -^ = o whenever /= o. But this is 

ax dy 

excluded by the restriction that/(jr,^) iiave no repeated factors. 
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Points whose coordinates satisfy the tiuo equations ^ (x, y) = o, 
7;(.r, v) = o are imiariant under the group. If ^(.r, y) = o and 
f)(x,y) = o whene7>er f(x, y-) = o, this curve is composed of ini'ariant 
points. Cun<es of this type are not included among the path-curves 
of the group. 

In all other cases f{x, y) = is a path-cun^e. 

If Uf=o for all values of x and y, f{x, y) is an invariant, and 
f{x, y) = anv constant {includi?ig zero) is a path-curve. 

In I, ?so, 17=1. 

.•. ii~x = const, is the equation of the path-curves. 

There are no invariant points. 

In II, £s— jC, tjSjc. 

. , u=ix- + ji'^ = const, is the equation of the path-curves. 

There are no other invariant curves. The point x = o, _j' = o is invariant. 

In III, f SO, ijs/. 

.'. KSJr = const, is the equation of the path-curves. 

^' = o is an invariant curve, each point of which is invariant. 

Ex. Examine for invariant curves and points the groups appear- 
ing in the problems of § 4. 

8. Invariant Family of Curves. — A family of curves is said to be 
invariant under a group, if every transformation of the group trans- 
forms each curve into some curve of the family. We shall consider 
at this time families containing a single infinity of curves only, that is, 
those whose equations involve a single parameter or arbitrary constant. 
Writing the equation of the family in the form 

/(■*. y) = <:, 

it will be invariant, if 

/(*i. yi) =/[<^(*. y, t\ 'I'i.-x, y, 0] = '"(•*^. J. = (' 

is the equation of the same family of curves for every value of /, c 
and c' being arbitrary constants. 

A single infinity of curves determined by an equation involving 
an arbitrary constant is equally determined by a unique differential 
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equation of the first order, of which the equation involving the arbi- 
trary constant is the general solution. l{/(x,y)= c and ia{x,y, t)-=-c' 
are to be the same family of curves, these equations must be solutions 
of the same, differential equation of the first order. Hence the left- 
hand member of the one must be a function of that of the other,* i.e. 

Making use of the relation (7) § 5, viz. 

Axu}\)=f{x,y)+ Uft+ U'ft + -, 

2 1 

we see that/(j;i, ji) will be a function of /(.r, j) for all values of t if 
and only if each coefficient in the expansion on the right is a function 
of/(jr, y). In particular we must have 

(13) Uf^F{f). 

If (13') is true, 

U^f= UUf= UF{/)= ^^ Uf= ^^ F{f), 
df df 

which is again a function ofy; 

In the same way each coefficient on the right is seen to be a func- 
tion of/; for if f/"/=*(/), f/"+>/= UU'^f= m{f)='^^^ F{/). 

Hence (13) is both the necessary and sufficient condition that the 
family of curves y^^^ ^^^ ^ 

be invariant. 

* The differential equations arising from these equations are 

'iJ- dx + -i- dy = o and -— dx -\- ^- dy = o. 
ox ay ax dy 

In order that these be one and the same equation it is necessary and sufficient that 



d/ 

dx 


at 


da 
dx 


dy 



But this is the condition that u be a function of/. See El. Dif. Eg., Note I of the 
Appendix. 
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Remark. — A special case should be noted. If Uf = oiox all values 
of X and v,/(-i;, r)= iT is a family of path -curves, each one of which 
is invariant, hence the family is. This particular family is charac- 
terized by the fact that its differential equation is 

■qdx — ^tiy = o. 

The problem of finding all the families of curves invariant under 
a given group Uf will be considered later in another form (§ i8). 
The general type of such families* may be found by noting that 
f\x,y) must satisfy (13), where F{J) is some function of^, not de- 
termined. As a matter of fact, F{f') may be taken as any convenient 
function oif, as may be seen from the following consideration : 

The family of curves fix, y)= c may equally well be written 
^\f{x, y)\=^ const, where ^(/) is any holomorphic function of/. 
Applying (13) 

(if df 

This will be any desired function oif, say Ii(/), if 

Since the family of path-curves is excluded, Fif^^o. Hence the 
function * can be obtained by a quadrature, such that when the equa- 
tion of the invariant family of curves is written ^\f {x, yj\=z const. 
the right-hand member of (13) will assume the desired form n(/). 

In the case of I, equation (13) is Uf= ^- = F{f). 

dy 

From the corresponding system of ordinary differential equations 

dx ^dy _ df 
o I F{f) 

* In this discussion the family of path-curves is excluded, since a method for find- 
ing these curves has already been given (-J 7) . 
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the general solution is seen to be of the form 

where f is an arbitrary function, and i/> = t — -i— Solving for /, this takes the 

form /"= #(^ — ^(jt)). 

The most general family of curves invariant under the group Cy= ^ is then 
^(y — ^C-^)) ~ const. ^ or simply ^y — i^C-^) = ^■ 

Geometrically this is obvious at once. For such an eriuation represents a 
family of curves all of which may be obtained by moving any one of them con- 
tinually, in either direction, parallel to the axis of j-. 

l-nll,-y^ + x^=F{f) leads to — = ^' = -^ , whence the general 
dx dy —y x /■{j) 

solution is of the form tan-i Z — <f,{f) = 1^(4:^+ jfl), 

X 

or /=*^an-i>!_i^(j^2+^2-)y 

The equation < = c, representing the family of straight lines through the origin 

X 

is a simple example under this head, as is immediately obvious geometrically. 
As an exercise, the student may show that 

y<lf{x') = c 

is a general type for III, while x^ I — j = f 

is such for IV. Simple examples are 

j:- -f — = I, a family of central conies of fixed transverse axis for III, 
c 

«jr^ -H /S^^ = ^, a family of similar central conies for IV, 
as is readily obvious geometrically, and as may be verified easily analytically. 

9. Change of Variables. — The form of the transformations of a 
group depends upon the choice of variables that are operated upon 
by them. 

Thus it is obvious that while the group of rotations II affecting the rectangu- 
lar coordinates is ^^ ^ ^ ^^^ ^ _ ^, ^^^ a, y^ = x <^na A- y cos «, 
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when operating upon polar -toordinates, it is 

,-.1 =p, ei = e + a, 

which, in form, is identical with the group of translations I. 

To find the effect of the change of variables * 
(14) x = -P'{x,y), y=^{x,j), 

which, of course, carries with it 

(14') -ri = ^(-«i,;i), yi = *(-^i,J'i). 

on the form of the finite transformations of the group 

( I ) Xi=:^<i>{x,y, a), y^ = ^(x,y, a), 

X, y, JTi, ji must be eUminated from the six relations, (14), (14'), (i) 
and the resulting two relations solved for Xj and y^. This elimination 
is usually effected by solving (14) and (14') for x,y, x^, y^, and substitu- 
ting these in (i). 

*The introduction of new variables in a transformation involves the following 
processes : 

Designating by S the transformation of variables (14), or (14'). and by ^"t its inverse 

^ — Fix, y), y= i (.X, y) 

obtained by solving (14) for x and y, the new coordinates (jr, y) of any point are ex- 
pressed by means of 5"! in terms of the old coordinates {x, y). These in turn are 
transformed by (i) or T^ {\ i) into (xj, y{) of the new point. Finally S transforms the 
latter into [X\, yi), the new coordinates of this point. Designating by Ta the transfor- 
mation in the new variables corresponding to Ta in the old, the above may be expressed 
symbolically _ ^ ^-1 j- 5 

The transformation Ta 's known as the transform of Tq by S. 

That the aggregate of the transforms of all the transformations of the group (i) form 
a group follows, of course, from the fact that the transformations imply certain opera- 
tions which are independent (eicept as to form, but not as to effect) of the kind of 
variables operated upon by them. It is very easy to verify this, however, as follows : 

TaTi, = S-J- TaSS-i nS = 5-1 Ta T^S = S-l T,S = % 

since ^..'^-t is the identical transformation, and TaTb= Tc (§ i). 
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In the case of the above example the formulae for the change of variables will 

be chosen in the inverse form 

jr = /> cos 6, J- = p sin 6. 

Hliminatiiig x, y, xi, y^, 

pi co^Bi = p cos 6 cos a — p sin B sin a = p cos (9 + a), 

pi sin 61 = p cos B sin a -\- p sin B cos a = p sin (9 + a). 

Whence, solving for pi and 61, 

pi = p, Bi=8 + a. 

(The other possible solutitm, pi = — p, ^i = 6 + jr +a, while exactly the same 
geometrically Ls not to be used here, since the above transformation must reduce 
to the identical one for n = o. In the nbove transformation of variables, it is 
understood that p = + v'jt- + y-). 

In general, the actual work required to carry out tliis process is 
long, to say the least ; on the other hand, the problem of finding the 
new form of the infinitesimal transformation is a very simple one. 
For, remembering that 



t{ ^ — /'^■'^A —^(^S\ _L^/'^-'''A —4^4- ^^ 

.■.%{x,y)^Ux. 

Similarly r\{x, y) = Uy. 

Hence 

(15) UAx,y)=Ux^+Uyf, 

ax dy 

where Ux and Uy are to be expressed in terms of x and y by means 

of (14). 
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In the above example, choose (14) in the form 



§§ 9. «o 



p = + \/x^ + y\ e = tan-i^ • 



Since 






i = U\/x^+y'' = 0, i\ = U tan-ii = i. 

Se 

10. Canonical Form and Variables. — It is always possible theo- 
retically, and often practically, to find the change of variables that 
reduces the group to a desired form. Thus, in order to have the 
group take the form 



any convenient pair of independent solutions of 
(16) 



ux^ i{x, y) ^+v(^. y) g = l(^. y). 



{ Uy^ i(:,,y)^ + r, {x, y)^ = r\ (x, V), 
ax ay 



may be taken as the new variables x and y. In particular, to reduce 
the group to one of translations in the direction of the axis of y, 

when it takes the form U/^-^-, the equations to be integrated are 



(16-) 



r.3x, dx ^ 

ax ay 
>- ax ay 



The first of these is (9), § 6 ; so that for x may be taken any con- 
venient invariant of the group, u(x,y). 
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To solve the second equation, Lagrange's method leads to the sys- 
tem of ordinary differential equations 

dx _dv^_dy 
i V I ' 

which are equations (5), § 4. Making use of the fact that u(x,y) = 

const, is the solution of — = — , y may be obtained by a quadrature.* 

Following Lie we shall say that the group is in the canonical form 

when it has the form Uf'= — , and the variables which reduce it to 

this form will be called canonical variables. The above result may 
then be stated : 

Every group can be reduced to the canonical form Uf'=.^- In 

order to find the canonical vatiables, it is only necessary to solve the 
differential equation of the first order 

dx _ dy 

and to follow this with a quadrature. In case an invariant of the 
group (or what is the same thing, the equation of its path-curves) is 
known, a quadrature alone is necessary. 

Remark. — If the equations (16) cannot be solved readily, it may 
be practicable to find the canonical variables for both the original 
and the desired forms of the group. A proper combination of these 
will then give the required transformation of variables. 

In II, Is — 7, ri = x. Here, as was seen (§ 4), u = x--\-y'-, wstan-l"- 
These ate a possible set of canonical variables. But it is customary to choose 
Va instead of « for jr, thus giving the usual polar coordinates. In III, |so, 

• Inspection of equations (6), } 4 shows that the transformation X= u{x,}i),y = 
v(x.y) reduces the group to the form 

I xi = x, yi = y-^t. 
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ri = j'. Here, as was also seen (§ 4), u = x,v = \ogr- In IV, — = ^ gives 
u~- , which may be taken as X. By composition the svstem of equations 

A' 

ifx t/y dy . d.x + dy dy , 1 / 1 \ 

— = -«^ = -^ gives ■ — ^ = - ; whence y = log (jr ■\-y). 

^ y 1 x+y I 

Another set of canonical variables for this group is of some interest. By com- 
position, after having multiplied numerator and denominator of the lirst member 

by jr and of the second member by^', we have — — -^ -^ = — ; whence y = 

x- +y- I 

log Vjt'^ + y-. Choosing this form for y and tan-' u s tan-'i for x, the canoni- 

X 

cal variables are very similar to the usual polar coordinates, in that the old 
variables, in terms of them, arc 

X = e^ cos X, y = e^ sin x. 

From their nature, it is obvious that in passing to the usual polar coordinates 
the transformations IV assume the form of the alfine transformations III, as may 
also be verified readily analytically. 

Ex. Find the canonical variables of the groups in the problems 

of § 4- 

11. Groups Involving More than Two Variables. — The previous 
theory of one-parameter groups involving two variables can be gen- 
eralized in two directions : the number of variables can be enlarged, 
and the number of parameters can be increased. In this section * 
will be considered one-parameter groups involving more than two 
variables ; and as the argument is almost the same for n variables as for 
three, the latter number will usually be employed. As a matter of fact, 
the previous arguments for two variables hold, with only slight modi- 
fication, for a larger number ; hence, as a rule, only the facts will be 
given here, it being left as a reviewing exercise for the student to 
fill in the supplementary arguments. 

* A brief extension of the above theory to groups involving more than one-pa 
rameter will be given in Note VI of the Appendix. 
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Starting with the transformations 

ixi = <t>(x,_y, z, a), 

[i] \ yi = 4' {-'<■''. y > -,'^)> 

where <t>, xj/, x are supposed to be generally analytic, independent, 
real functions of x, y, z, a, they will constitute a Lie group provided 
the set has the following properties : 

1° The result of carrying out in succession two transformations of 
the aggregate, determined by any two values a and i of the parameter, 
is the same as performing a single transformation of the set determined 
by some value c of the parameter, where ^ is a function of a and i. 

2° Solving [i] for x, v, 2 in terms of .<.\, v,, Ci, the resulting 
formulae take exactly the same forms as [i], some function of a tak- 
ing the place of a. In other words, the transformations of the group 
occur in pairs of mutually inverse ones. 

As a consequence the group contains the identical transformation. 

A group of this type contains one and only one infinitesimal trans- 
formation (§ 2, and Remark, Note I of the Appendix), which may be 
written * 

where, in general, 

da \daj<i„' 

da \dajc^ 
* For n variables we have likewise 

[3'] uf^i.f+i.^+- + i.,^'- 
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The finite transformations of the group may be olitained from the 

infinitesimal transformation either in the form of a power series in the 

parameter (§ 5) . -s 

Xi = X+ Uxt-\- U'^x 1- •■•, 



[8] 



2 ! 



2 ! 



or as solutions of the differential equations (§ 4) 

i{xi,yuZi) 7;(^i,Ji, Zi) ^(J^i,vi, zi) I 

If WiC^i, ji, z^ = const, and «2('^i>J'ii Z\)'= const, are the solutions of 
the first two equations (not involving /), and v{xi, yi, 2,) — t=: const. 
is a third solution of the system independent of the other two, then 



[6] 



\v■ix^,y^, z^ = u-ix,y, 2), 
I f-Lx^, Jfi, Zi) = "i{x, y, 2), 



determine the finite transformations of the group. 

In both these cases the parameter / enters in such a way that t= o 
gives the identical transformation, and /=— /determines the inverse 
transformation.* 



[5'] 



* In the case of « variables', the development form of the finite transformations is 
exactly the same. To obtain the second form, the system of differential equations is 

dxi _ dx.^ _ __ dxn _ dt 
li' fa' in I ' 

and their solutions are of the form 

|wi(^l'. V. •••- xn) = ai(^i, X.2, -••, Xn), 
W„-l(Xi'. X./, ••', Xn') = Un-iixi, X.2. ••'. Xn), 
V{X{, X./, --.Xn') = v{Xi, X.2. -'.Xn) + ^. 

Primed letters arc used here to designate the transformed variables, since the sub- 
script, previously employed, is no longer available. 



§11 THEORY OF ONE-PARAMETER GROUPS 31 

The effect of a finite transformation of the group on any function 

/{x, y, £), is (§ 5) 

[7 j /(*.. j'l, 2i) =fi.^, y, ^)+Uft+ Utf^ + • • .. 

2 ! 

A function /(x, _v, 2) is invariant under the group t^if 

for all values of x, y, z (§ 6). 

This equation, involving three independent variables, has two inde- 
pendent solutions. Hence a one-parameter group in three variables 
has two independent invariants. Since Ui{x, y, z) and i/i{x, y, z) are 
such a set, every invariant of the group is a function of Uy and Wj.* 

Those points whose coordinates satisfy the three equations 

^x, y, z) = o, ri{x, y, z)= o, ^(.r, y, z)= o 

are invariant under the group (§ 7). In general, that is, in case the 
three functions are independent, there is only a finite number of 
such points. But if only two of the functions are independent (which 
will show itself by having their Jacobian vanish, without all of its first 
minors doing so) the two independent equations will be the equations 
of a curve, every point of which is invariant. If all the two-rowed 
» determinants in the Jacobian vanish, there is only one independent 
equation, and it is the equation of a surface, every point of which is 
invariant under the group. 

The path-curves are obtained 

1° either by eliminating a from the finite transformations of the 
group (§ i), 

2° or by solving the system of ordinary equations (§ 7) 

^ ^ dx dy dz 

^„] _ = _ = _. 

• In the case of n variables, every invariant of the group is a function of the « — i 
independent ones uy, u.^, ■■■, «»-]. 
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From the latter we see that if «i and ii« are two independent invari- 
ants of the group, ?/] = const, and ?/» = const, are the equations of the 
path-curves. 

Each of the surfaces ?/i = const, and ii., = const, is invariant, being 
made up of an infinity of path-curves obtained in either case by keep- 
ing one of the constants in the equations of the path-curves fixed and 
allowing the other to run through its full range of values.* 

The equation f(x, y, z) = o, or the surface represented by it is 
invariant (§ 7) if 
[12] 6/= o whenever/= o,t 

provided f contains no repeated factors. (If Uf vanishes because 
^ = 0, 7;=o, f = o whenever y=o, every point of the surface is 
invariant.) 

The curve/i (.r, y, z) = o,y^ (x, y, z) = o is invariant if 

[12'] Uf-i = o and 65^2 = o whenever/, = o and/j = o, 

provided /i and/, contain no repeated factors and are independent 
functions, not containing' a common factor. This last condition 
assures us that not all of the two-rowed determinants in the matrix 

M ^ ^1 

Qx by dz 

Bf, df, ^ 

\ I dx dy dz 
vanish for all values of :t-, v, z. 



* In the case of n variables, i° holds without change ; in 2° the differential equations 
of the patli-cmves are 



dxy dx.t 



t-2 



dXn 



and their finite equations are u^ —const., ?/.i = const., ••■ , nn-\ = const., where u-^n.i, ••■ , 
«,(-!, arc any 77 — I independent invariants. Eacli of the («— i) -way spreads in h 
dimensions Wj = const., Wj — const., ••• , Un—\ = const, is invariant, as well as the various 
spreads of lower dimensions obtained by taking these invariant relations two, three, 
--• . «— I together, the last case giving the path-curves. 

t This condilion holds when the equation involves any number of variables. 
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The argument employed in establishing this theorem for a curve in 
three dimensions is different from that available in the case of a 
surface /(^.r, V, 3) =0 (in the latter case the one employed for a 
curve in two dimensions (§7) applies). 

The necessity of the condition is seen as before ; for, using 
formula [7] 

Aix,, .v„ =,) =A{x, y, z) + L%t + U% — +•••. 

2 ! 

If /,(.ri, I'l, Zi) and X'(-^i> J'l. ^1) ^re to vanish whenever 7^(;c, v, 2) 
and f.;^{x,y, z) do, for all values of /, it is necessary that 6^/= o 
and f/2/=o whenevery^ = o andy^= o. 

The sufficiency of the condition follows at once from the fact that 

^■^' = ^Yx + ''d-y+^dz=''' 

all along the curve/i = o, fi = o, i, r), ^* are proportional to the 
direction cosines of the tangent of this curve at each point (x,y, z); 
that is, this curve is the path-curve through the point {x,y, z). 

Remark. — If Ufx = o whenever ^=0, and 6^, = o whenever 
/, = o, the surfaces fi^ o and ^ = o are separately invariant ; and 
their intersection is also invariant. In the case under consideration 
above, however, [12'] is the condition for invariance of the curve 
without regard to the nature of these surfaces. 

The change of variables 

[ 1 4 J x= F(x, y, 2), y = 4>(x, y, 2), 2 = *(.v, ;', 2) 

* If ^ — o, V = o, f = o whenever /i = c, /C, = o, every point on this curve is invari- 
ant, and hence, the curve itself is; so that the sufficiency is also established in this case. 
But such a curve is not included among the path-curves of the group (Remark, ^ 7). 
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causes the infinitesimal transformation to take the form (§ 9) 

[15] Uf^Ux^J-^Uy^-f^Uz^L. 

ax dy dz 

So that the new variables satisfy the differential equations (§ 10) 

,, fdx , dx , fdx t/ \ 

Ux = t^ + r,T- + iT'=%{x,y,2), 

ax dy oz ■ 



ax ay oz 



• rr f 9z , dz , ydz „ , ^ 

In particular, when | = o, t] = o, l^=i, the group is said to be in 
the canonical form* If the equations of the path-curves are known, 
the canonical variables can be found by means of a single quadrature. 

To illustrate all that has gone before consider the group of screw motions 

xi = X cos i — y sin t, 

yi = X sin t -^ y cos /, 

zi = z -(- mt, 
where fn is any constant. 

The student will have no difficulty in proving that these transformations have 

the group property, and that in this case (§ l) 

also i= — t, and ts, = o. 

The infinitesimal transformation is readily seen to be 

a/ , bf ^ 3/ 

Uf= -y4- + ^^ + "'^- 
dx dy 5z 

* More generally, the group will be said to be in the canonical form when any one of 
\i Vt r equals a constant, and the other two are zero. 
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Conversely, starting wilh the infinitesimal transformation the finite transforma- 
tions are found to be, using [8], 

I , t- t* \ I /■' t^ \ 

xi= X \\ 1 ■■■ \ — y\ I 1 ■■■\ = xcost — y%mt, 

(t-i t'-> \ t /^ t* \ 
t - + — _ ... ]+j^ I ^ 4. _ ...\ = jrsin/+;ycos^, 

si = :: + mt = 2 + nit\ 

or, using the other method, 

dx\ _ dy\ _ dz\ _ dt 
— yi ■*■! '« I 
.-. ux = xy^ + y? = x-^ -ir y\ 

«2 = tan-i ii - 51 = tar -1 ^ - .2- , 
x\ m --. m 

^_si z ■ 

m VI 

For practical purposes it will be simpler to 'replace 2, in the second equation 
by its value in the third one. Then 

tan-i^ = tan-i-^^-f/, 

X\ X 

21 = z -)- int. 

The third equation is already in proper form. 

Th"! first two equatiods are free of 2, and, as was found in § 4, reduce to 

jTi = ;r cos ^ — J' sin /, 
yx = X sin t -\- y cos /. 

Two independent invariants are «i=.jr- +y^ »j = tan"'-^ — — • Hence the 
, jf. m 

path-curves are , 

jr2+y! = r2, tan-1 ^ - — = <: ; 
X m 

or, introducing the parameter 9, 

X = r cos S, jv = r sin fl, z = m{0 — c), 

which is a family of helices, involving the arbitrary constants r and r. 
1( m =p o there are no invariant points. 
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Two of the canonical variables, x and y, must satisfy the differential equation 

d^ O}' d' 

while the third, z, must satisfy 

dx dy d~ 

Knowing the invariants of the group, ui and «2, we may put 

X — Vjr- + y-, y = tan"' J- — ~ . 
jc m 

By inspection, z may take the simple form 

z = — • 



Solving for the old variables, the formulae of transformation of variable" ai-e 

seen to be ^ , ^ ■ , , ^ 

X = X COS (y+z), ^' = j(sin(j/ + z), s = niz. 

It is obvious that the change to* cylindrical coordinates 
X ^^ p cos Q^ y ■= p sin ^, 2 = 2 

reduces the group to the form 

Pj — p, 9i = 8 + i, zi — z -\- ml, 
which is a group of translations, but not in the canonical form. 

Discuss as was done in the text the following groups : 

Ex. 1. .ri = A-, J'l = r, z^^az. 

Ex. 2. Xi = ax, y\ = ay, Zy = z. 

Ex. 3. Xi = ax, I'l = ay, % = az. 

Ex. 4. Xi = ax, yi = ay, Zi = z-\- ^{a^— i)xy. 

Ex. 5. Xi = e''(xcosa—ys[na),yi=e°(xsina+ycosa),Zi = e'z. 



CHAPTER II 

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

12. Integrating Factor. — We have seen (§ 8) that if </>(.*, j') = 
const, is a family of curves invariant under the group 

(13) U<^ = F(<^). 

Moreover, it was also shown in § 8 that if the curves of the family 
are not path-curves of the group, the equation of the family can be 
chosen in such form that the right-hand member of (13) shall be- 
come any desired function of ^. In particular, there is no loss 
in assuming the equation so chosen that this right-hand member is 
I ; for if a given choice <^ = const, leads to F{^), the selection 

9(<l>) = const., where *(<^)= | — —, will give U^{<f) = i. 

Suppose now that 

(17) Mdx-\-Ndy=o 

is a differential equation whose, family of integral curves 

(18) ^{x, y) = const. 

is invariant under the group Uf, the integral curves not being path- 
curves of the latter. Let <f> be so chosen that 

(19) ^•^=^|J+''f7='- 

37 
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Since (18) is tiie solution of (17), 

d^ = ~ dx -\ — — dy=^o 
dx dy 

must be the same equation as (17) ; hence 

dx dy 

(20) J\^^-M^ = o. 

^ '' dx dy 

From equations (19) and (20) the values of — and — ^ are found 
to be X y 

d<f>^ M d<l,^ N 

dx ^M+r,N' dy iM+r,N' 

. ^^^ ^^^ + ^V^7 

Hence the 

Theorem.* — If the family of integral curves-of the differential equa- 
tion Mdx + Ndy = o is left unaltered by the group Uf= i — + >?— , 

dx dy 

is an integrating factor of the differential equation. 

^M-\-r)N 

Remark i. — This theorem ceases to hold in case the curves (18) 
are path-curves of the group Uf In this case (19) becomes 

^-^-\-ri — =o; whence, taking account of (20), ^M-\--nN=o. 
dx dy • 

As a matter of fact, it is obvious that in this case the curves (18), 

being the integral curves of (17), are the path-curves for every group 

of the type .f .. 

Uf^p{x,y)-N^-p{x,y).Mf^, 

• This theorem of Lie was first published by him in the Verhandlungen der Gesell- 
schaft der Wissenschaften zu Christiania, November, 1874. 
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where p(x, y) is any holomorphic function of x and y. Such groups 
are said to be trivial for purposes of assisting in solving the differen- 
tial equation (17). 

Remark 2. — At times it is obvious from the nature of the problem 
that the family of integral curves is invariant under a certain group. 
This will be found to be the case in the following examples : 

Ex. 1. Find the curves whose tangent at each point makes an 
isosceles triangle with the axis of x and the radius vector to the point 
of contact. 

This family of curves is clearly invariant under the similitudinous group 
Uf= x-21+ySl. Its differential equation is 

dx jc dy HyY , dy 

xdx 

Reducing to the form (17), which is characterized by being of the first degree 

in dx and dy, 

{x i ■\/x''- -(- y^)dx -\- y dy = 0. 

The integrating factor 

I _ I I 



iM-\- tiN X- +y^ ± xVx^ +y' ± Vx- + y-(ix ± Vx-+y-) 

dx , y dv „ 

gives ^^^^ -\ ^ — ■■ O- 



± y/x' + }» ± y/~x- + y- {x ± v'j~ + /-) 



Integrating, log (jr± -v/;r^ + y^) = const, or jr ± -v/jr'^ + y^ = c. 

This reduces at once to y^ = fi — 2 ex, a. family of parabolas having the origin 
as common fucus and the axis of x as common axis. 

Ex. 2. Find the curves such that the radius vector to each point 
makes an isosceles triangle with the tangent at the point and the 
axis oi X. 
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Ex. 3. Find the curves such that the length of the radius vector 
to each point equals the tangent of" the angle between the radius 
vector and the tangent to the curve at that point. 

Ex. 4. Find the curves such that the radius vector to each point 
makes a constant angle with the tangent to the curve at that point. 

Ex. 5. Find the curves such that the perpendicular distance 
from the origin to the tangent to a curve at any point is equal to 
the abscissa of that point. 

13. Differential Equation Invariant under Extended Group. — 

While at times it is possible to tell from the nature of the problem 
whether the integral curves of a differential equation form an invariant 
family under a certain group, it is desirable in order to extend the 
usefulness of the theorem of the previous section, to be able to tell 
when this is the case from the form of the differential equation itself. 

A point trajis/ormation 

Xi = <f>(x, jt'), ji'i = >l,{x, y)* 

carries with it the transformation 

^JLdx + ^-^dy 
dy, __ dx dy 

'i^r^Adx + ^-'I'dy 
dx dy 

, dx dv' , . 

dx dy' 

* This is called a point transformation because it transforms the point {x,y) into 
(^1- Ji)- I' ''lus transforms the various points of a curve F{x,y) = o into the corre- 
sponding points of some other curve J'\{x-^,y-^ — o, and may therefore be said to trans- 
form the curve /''{x,y) = o into /^i (-3^1,^1)= o. 



§ 13 DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 41 

where v' = -f- and r,' = ^ • Since y "S a function oC x, y, v' only, it 
ax " lixi y ^ J ■ 

follows that the point transformation implies the transformation 

^1= <l>{x, j), yi = iix, y), jKi' = ± — i_ s xi-v, y, y') 

dx dy 

affecting the three variables x, y, y'. The latter transformation ns 
known as an extended point transformation* 

Starting with the one-parameter group of point transformations 
(i) .Ti = <^{x, y, a), ji = ip{x,y, a) 

it is easily seen that the corresponding extended transformations 

(21) x\= <i>{x, y, a),yi = xjj{x, y, a), ji' = J^ = x(x,y, y,' a) 

also constitute a one-parameter group in the three variables x, y, y'. 
For, since the equations of a point transformation are precisely the 
first two of the corresponding extended transformation, and since the 
third equation of the latter is determined uniquely by the first two, 
the fact that the transformations (i) have the group property (§ i) 
predicates the existence of the group property in the case of (21). 

Thus if a and i are any two selected values of the parameter, the result of per- 
forming successively the two point transformations 

xi = 0(j-, y, a), yi = il/{x, y, a) 
and X'. = <t> {xi, yi, b), y2 = 4' (■«^i. yu ^) 

is Xi = <)>(x,y,c), y2 = ^p{x, y, c) 

» An extended point transformation is a special kind of a contact transformation 
(^ 49) ; for it transforms {x,y,y') into (jtrj.^i.^'j'), where, if {x,y) is some point on some 
curve /'(jr.^y) = o,^' is the slope of the tangent to the curve at that point and j'j' is the 
slope of curve F-^{x^,y\) = o (into which the other is transformed by the point trans- 
formation) at the corresponding point (xj.^i). Since the value of y{ depends upon 
x,y,y' only, any curve tangent to /^(jr, )) = oat (x,y') will be transformed into a curve 
tangent to F^ (x-^.y-^=a at the point (J^i,.ri). 
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where f is a function of a and b. This follows from the group property of (l). 
In the case of the corresponding extended transformations 

a(ji\^x, y, a) 

and Xi = (pixuyi, l'),yi = f C-ri.^i, i),yi' = 't, ''''''' ''} =x{-^-\, }'u }'i'< '•)• 

a<p{xi, _i'i, I/) 

the result of replacing xi and y^ in the first two equations of the second trans- 
formation by the values given in the hrst transformation is therefore 

x-2 = <t>{x, y, c) , y-, = i/- (x, y, e). 

Hence in the lasl equation of the second transformation, 

, tfy-2 d'ii{x, V, c) _ , , , 

Jxi <i<t>{x,y,c) 

In exactly the same way, the fact that a value of the parameter 
exists giving the identical transformation for the group (i), and also 
the fact that the transformations of (i) can be separated into pairs 
of mutually inverse transformations, assure these same properties for 
the transformations of (21). The latter therefore constitute a Lie 
one-parameter group. This group is known as the once-cxtcnded 
g?-0up corresponding to ( i ) . 

With Lie, we shall write as the symbol of the infinitesimal trans- 
formation of the once-extended group 

(22) W/^^ix, y)f^ + r,{x, y) g + r,' (x, y, y')^l, 

where, as before, ^ s g, , ^ |, while V = £ = ^( J 

It was seen in § 4 that, with a proper selection of the parameter, 
^ = f !fi^ , „ = (^Jl\ , and, for any function/, ^ = f^A\ . 



§ 13 DII'FERENTIAL EQUATIONS OK THE FIRST ORDER 43 

In a sense then S is a differential operator, so that 8 and d are 
commutative operatois ; thus, for example. 



£(,« ^ .<t)_„,<|). 



Hence n = „ '- = — ; 3 — 7, — = — y-^ — , — -7- 

6ii\iixJ ax (ax)- ax ax ilx 

^^3) ■■^=^x-'dx- 



Reviark. — Attention should be called to the fact that, while y' is 

equal to '^ . r\ is usually different from ^ ■ Expanding the right- 
dx dx 

hand member of (23), we have 

(^4) ^=dx + [-dy-dxy-dy^' 



where it is to be noted that rj' is a quadratic polynomial in y' when 

dy 
Given a differential equation of the first order 

(25) /(x,y,y') = o, 

the effect of any transformation (i) on the variables x and y is to 
transform the differential equation (considered as an equation in the 
three variables x, y, y') by the corresponding extended transformation 
(21). The family of integral curves of (25) is invariant under the 
group if each integral curve is transformed into some curve of the 
family by every transformation (i). Hence every transformation (21) 
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must leave the differential equation unaltered. The condition for 
this is ([]2], § 11) 

(26) C''/^i% + v^£ + V^, = o whenever/!^, J', y)= o. 

Hence the 

Theorem. — The family of integral cun>es of the differential equa- 
tion f(x, y, v') = o, and, therefore, the differential equation itself, is 
invariant under the group Uf if Uf= o whene'c<erf= o. 

In the case of II, t=— r, ■n = x. Hence, from (23) ij'si +}''-. The ex- 
tended group of rotations is then 

dx dy dy 

The differential equation of the family of lines -i = c (which is invariant under 
II) is xy' — y = o. Here 

C-'(xy' -y) = -yy' - x + (l + y'-)x = y' {xy' - y). 

This vanishes whenever xy' — y dtjes. 

14. Alternant. — Let C, and Uo be any two homogeneous linear 
partial differential operators * 

£/i = ^1 (x, _;■) _ + ^j (jr, _)■) — , 
dx dy 

Ui = i., { X, _>■) — + 172 {x, 7) — • 

dx dy 

Then 

(27) .-. U.UJ- U,UJ={l\i,- [/J,)^ + {U,ri, - U,r„) 1^. 

* For the sake of simplicity we shall suppc^e that two variables are involved. But 
this entire section holds without any modification (or n variables. 
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Writing U^ U.J- a UJ= ( U, U.^f* 

tiie operator {U^Ui), which is known as the alierna>ii-\ of U^ and K, 
is seen to be one of the same type as U^ and U.,. 

The following properties of alternants are immediate : 

] 5. Another Criterion for Invariance of a Differential Equation 
under a Group. — A second form for expressing the condition that a 
group leave a differential equation unaltered plays a very important 
role in the further development of the theory. It was seen (§ 12), 
that if 
(18) <f>{x, v) = const. 

is the solution of 

(17) Mdx-\-Ndy = o, 

<^ is a solution of the partial differential equation (20) 

(28) A<t, = N^-M^ = o. 

dx oy 

Moreover, if the family of curves (18) is invariant under the group Uf 
(without being path-curves of the latter), <j> may be so chosen that 

Consider now the alternant of 6' and A (§ 14) 
(27) {UA)/= UAf-AUf^{UN-Ai)^-^-i rM+Ar,)^£. 

* Lie writes ( C/, [/.,) or ( ;/, f, U.,/) instead of ( f ''i 6^.)/. 
f Also sometimes called the conimutiUor of L\ and l'.>. 
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Hecause of (28) and (19) {C/A)<f> = f/(o)— ^(i)= o. 
(29) .-. (UJV- At)^-(UM+ Ar,)^^^ = o. 

Since (^ is a function of at least one of the variables x and r, 

— and — are not both identically zero. Hence the coefificients of 
dx d_y 

(29) must be proportional to those of (28); i.e. 

(30) ^^^^=^-^ = X(.,,),* 
or UN-Ai=>N, UM+Ar, = \M. 

Putting these in (27) 

(31) {UA)f=\{x,y^Af. 

Hence (31) is a necessary condition that the integral curves of (17) 
be invariant under Uf. 
Conversely, if (31) holds 

{UA)<I> = [/A<f> — A[/<f> = XAtjy = o, 
because of (28). Hence AU^ = o. 

Since every solution of (28) is a function of <^ 

This is the condition [§ 8, (13)] that the family (i8) be invariant 
under the group C^ Hence the 

Theorem. — The necessary and sufficient condition that the diffet-en- 
tial equation M dx -\- N dy = o be invariant under the group Uf is 

(31) iUA)f=>Jix,y)A/ 

where Af= N%- - M%. 

ax dy 

* The common ratio \{x,y) is, at most, a function of the variables. It may be a 
constant or zero. 
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The condition (31) was found independently of what has gone before. It 
may be obtained at once by means of (26). It is suggested as an exercise, that 
the student do this. Here /(^x, y, /) = M + ^ry'. The expanded form of 7;', 
given by (24), must be employed. 

This theorem leads to another one, of some . interest, which is, as 
a matter of fact, the converse of the theorem of § 12. 
If ^(jT, j) and ri{x,y) are any two functions such that 
_ I 

is an integrating factor of 

(17) M dx-\-N dy=o, 

b ( N \ d f M 



7 ^y\i 



dx\iM+r)NJ dy\iM-\--qN 

ox dx ax ax dy dy dy 

-I- MJV^ = o. 
dy 
Dividing by JlfJV and rearranging the terms, 

ax ay ax ay ox ay ax ay ' 

_ = _ 

or 

^^ ' N M ' 

from which follows (31) as before. Hence, if ft,{x,y) is an integrat- 
ijig factor of the differential equation M dx -\- N dy = o, and i(x, j') 
a7id -qipc, y) are any holomorphic fimetions of the variables satisfying 
the relation 

* See El. Dif. Eq. \ 7. 
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the differential equation is invariant under the group 

ox oy 

Since i and rf are subject to the single condition (32), one of them may 
be chosen at pleasure, and then the other is determined uniquely. 
Hence, starting with an integrating factor of a differential equation 
of the first order, an infinite number of groups can be found which 
leave the differential equation unaltered. 

It will be seen in § 17 that the general expression for such groups involves 
two arbitrary functions. As a matter of fact, this can also be seen from the form 
of (32). For if /i is an integrating factor giving ii{MJx + Ndy) ^s.du, then for 
F{u) any function of u, iiF{ti) is also an integrating factor. (See El. Dif. Eg. 
§ 5.) Using this as the right-hand member of (32), and selecting J(jr, j') arbi- 
trarily, 7; = ; iL-Lii . xhe general type of group leaving (17) 

unaltered may, therefore, be put in the form 

where t and E are arbitrary functions. 

16. Two Integrating Factors. — Since the knowledge of a group 
which leaves a differential equation unaltered gives an integrating 
factor, thus reducing the problem of solving the differential equation 
to a mere quadrature, it should be expected that the knowledge of a 
second group which leads to a distinct integrating factor still further 
simplifies the problem of solving the equation. This is actually the 
case. 

Suppose /u-i and fi.., to be two integrating factors of (17). Then 

dy dx dy dx 

or ^- ^= ^(jV ^ - M^] = ^(n^ - M^ 

dy dx /i, V dx dy J /UsV dx dy 
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Remembering that i ^ = ^^2KJ^ , I ^ = fO^SJ^, and 
fudx dx fj. dy dy 

log /ii — log IX., = log f^, the last equation becomes 
dx\ f^J dy\ ,u) 



i.e., log ^ is an integral of 

(28) Af=N^^-M^=o. 

dx dy 



Hence ^' is also an integral of (28), and 

— = const. 

is a solution of (17). So that the ktwKiledge of tiuo integratirig factors 
gii'es t/ie solution of the differential equation without any analytic 
work 7uhatei'er. 

Remark. — It is interesting to note that in the proof usually given 
for the theorem that when one integrating factor /a is known, an in- 
finite number of others can be found [viz. if ji.(Mdx -\- Ndy)^: dii, 
then \x.F(ti) is an integrating factor where F{ti) is any function of //],* 
all possible integrating factors are found. 

17. General Expression for Group under which a Differential Equa- 
tion is Invariant. — We have just seen that if Uyf and K/are any 
two groups which leave the equation (17) unaltered, 

^^^hK±Ji^^ const 

IJ., itM+ -q^N 
* See Kl. Dif. Eg. .} 5. 
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is a solution of (17) ; hence, 

where </>(.r, }<) = coiist. is any selected form of solution of (17). Re- 
arranging the terms in (33), 

(34) l-^Vl = - V.-m)-V. = ,(,, ,,), 

where p{x, y) is the common value of the two fractions. Whence 
t, = F{^)^, + pN, r,, = ^(<^),i - pM. 

(35) .:[/,/= F{<t>)C/,/+pA/. 

Conversely, if C/i/ leaves the differential equation unaltered, 17,/ 
given by (35) will also do so, no matter how J^{4>) and p(x, y) may 
be chosen (it being understood throughout that all functions involved 
are to be generally analytic). For, by hypothesis, using (31) 

{U^A)f=\Af; 
then ( UAy = (F(4>) (7„ A)f + {pA, A)f 

= F{<i>XU,A)f- AF{<f) UJ+ p{AA)f- ApAf 
= IF{^)\- Ap\Af 
= v(x,y)A/. 

Hence ci>ery group 7ahuh ieaves ihe differential equation unaltered 
is gii'en by (35), U-^f being one group of this sort. 

If F(<^ is a constant, the resulting group gives the same integrat- 
ing factor as U-^f. 

If F{i^ is identically zero, the resulting group is trivial (§ 1 2). 

18. Differential Equations Invariant under a Given Group. — In 

order to make use of the theorem of § i^, a group leaving the differ- 
ential equation unaltered must be known. While such groups always 
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exist, and are sometimes suggested by the nature of the problem 
giving rise to the dififerential equation, the number of equations for 
which they are known is comparatively small. The converse prob- 
lem of finding the general type of the differential equations invariant 
under a given group is much more direct. And while its complete 
solution requires the knowledge of the path-curves of the group and 
usually one or several quadratures, it is practicable to supply these 
in a large number of cases of interest. 

It is clear that the differential equation obtained by equating an 
invariant of the extended group (§ 13) to an arbitrary constant is 
invariant. The general type of invariant of the extended group is 
obtained by taking an arbitrary function of two independent solu- 
tions of ([9], § n) 

(36) f/y^,.g+,|+V|;=o. 

Passing to the corresponding system of ordinary differential 
equations 

, ■ dx 'fy _ ^y' 

^^''' 1(7J) ~ .^(^) ~ r,'ix,y,y) ' 

the first equation is recognized as (i 1), § 7. Its solution is 

t((x,y) = t:. 

A second solution, independent of this one, must involve y'. Writ- 
ing this in the form ,, ,^ ^. 
u\x, y, y) = const.^, 

the general solution of (36) will be of the form/(?^, u'). Equating 
this to an arbitrary constant gives the general type of invariant dif- 
ferential equation. There is no loss of generality in equating/(//, «') 

• Since Ji'{x,y,y') is an invariant of the extended group C// and involves^', it is 
known as Sijlrst dlffciential invariant of the group l^f. 
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to zero, the arbitrary constant being incorporated in the arbitrary 
function/. So that the general type of invariant equation is 

(38) f(u,u') = o,oxu'=F{u). 

Several methods for finding u^ suggest themselves : 

(yd) Solving u{^x,y) = c forj, ami replacing it by its value in terms of x and 
c wherever it occurs in the first and last members of (37), the Riccati equation 

dx iQx iXQy Qx] ISy 

results. In Note II of the Appendix it is shown that this equation can be solved 
by quadratures. 

((^) The introduction of canonical variables (which can be found by a quad- 
rature when u is known, § lo) reduces the invariant differential equation to the 
simple form 

dy^ dx dy ^^ 
dx dx dx , 
dx dy 

as will be shown, I, § 19. Since the one canonical variable x is the invariant u 
or a function of it (§ 10), /"(jr) is a function of ». Because of the general type 

dy + M y 

of invariant differential equation (38), — may be taken as a'. 

dx dy 

(c) Frequently some special method (see Ei. Dif. Eg. § 65) may be found 
which is more direct. 

19. Illustrations and Applications. 

I. f/= ^- . ^ s o, jj s I. .-. -q = o. Equations (37) are 
tix d\ dy' 



.•. « = jr, ?/' sy. Hence the general type of differential equation 
invariant under Uf= v— is/{x, v') = o, or y' = J^(x). 
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This equation is characterized by the absence of y. The variables 
are separated when the equation is solved for_v'. 

V. Uf =. ^ . It is readily seen* that the general type of differ- 
ential equation invariant under this group (of translations in the 
direction of the axis of x) is y' = F{y). 

This equation is characterized by the absence of x. The variables 

are separable, thus ' = dx. 

F{y) 

U. U/^-y^^ + xf^. i^-x,r,^x. .-.ri'^i+y^. 

Equations (37) are 

.•. u = xr^ -\-r. To find u', multiply numerator and denominator of 
the first member by — y, and those of the second member by x ; then 
by composition {£1 Dif. Eg. § 65, 3°), 

X dv — r dx dy' 



x?+y^ i+y^- 

.-. 11' = tan~'=^ — tan"' r'- It is simpler to take the tangent of this 

x ' _ , 

function as the second invariant; i.e. u' =-^- —■ Hence the gen- 

eral tvpe of differential equation invariant under Lf= "J^^ + '^H" 

isfij^ + /, '^nl = o, or y^^, = F{x^ +/) . 
■^ V x-\-yy'J x+yy' 

* It is suggested as an exercise that the student actually carry out the work here 
and in the cases below, where results alone are given. 

Of course, the differential equation invariant under a group whose number h 
primed may be obtained from that invariant under the corresponding unprinied one 
by interchanging x and y andj' and -. But as an attempt is being made here to 
make a collection of differential equations invariant under known groups, the forms 
by which these difterential equations are most readily recognized are given. 
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Note. — This form of the invariant differential equation is obvious 
from geometrical considerations, since u is the square of the radius 
vector to any point on an integral curve, and //' is the tangent of the 
angle between the radius vector and the tangent to the curve. Since 
any function of « and ?/', containing j'', can be used as a first differ- 



Vll X -f— TV 
'■ — - or ■--— is available. So also is 
I + ""' V I + y'' 

1' \\ r or "- -. These are respectively the distance of the 

normal and that of the tangent from the origin, each of which is left 
unaltered by the group of rotations about the origin. Hence the gen- 
eral type of differential equation invariant under this group may also 
be wiitten 



x-^yy'= Vi ■\-y'-F{x- + f), or y — xy' = Vi + y'-Fix" + /). 

III. U/=yj-. ^ = o,r)=y. ..ri=y'. Equations (37) are 

dx _ dy _ dy' 
o~ y ~ y' ' 

'. u ^.x, u' = --. Hence t/ie general type of differential equation 

^ ^f I y'\ y' 

invariant under L/f = y~- isf[x, - \, or — = F{x). 

This equation is characterized by being homogeneous in y and y'. 

v' 
The variables are separated when the equation is solved for -_ . 

df ^ 

HI'. Ufsx~. It is readily seen that the general type of differ- 
ox 

ential equation invariant under this group {pi affine transformations) 

isxy' = F{y). ^^ ^^ 

The variables are separable, thus _/ ^ = — . 

F{y) X 

IV. Uf= x-l- -\-y4-- Here tj = o, and a =--, u' = v'. Hence 

dx ay X ' 
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tlie general type of differential equation invariant under 

This equation is characterized by being homogeneous in x and y. 

Note. — An equation Mdx + Ndy = o is of this type when M and 
TV are homogeneous functions of x and y, and of the same degree. 

In this case the integrating factor of § 12 is (Compare 

r., „.. ^ . X xM + yN ^ * 

EI. Dif. Fa,. § 17.) ^-^ 

V. l'/=.\^ v-:;^-. Here w's — zr', and « s .rv, u' = xry'. 

ox ay 

Hence the general type of differential equation invariant under 

(jf=x; —y: isf(xy, .r-v )=o, or xy =yF (xy). 

This equation is characterized by being homogeneous in x, y, y', 
when these elements are given the weights i, —1,-2 respectively. 
(Compare VI below.) 

JVcte. — An equation A/dx + Ndy = o is of this type when J/= 
yf(x\^, N=xf{xy). In this case the integrating factor of § 12 is 

• (Compare El. Dif. Eq. § i 7.) 

xAI-yN ' J I i ) 

VI. Uf=x^+n\^-* ^ = x,T,= ny. . . tj' = {n - i)y' , and 

dx ' dv 

V v' 

// = --, 11' = ^ — -• Hence the i^eneral type of differential equation 

x" X" ' 

• n may be any number. In particular « = I gives IV, while n — - 1 gives V, and 
n = Q gives III'. 

If the group be written in the more symmetric.il form /-/s fljr — + Jy SC ^ the 

3 >■ oy 

invariant differential equation takes the form xy' =- vF (• — )• a = i gives IV, a = — l 
gives V, a = o gives HI, i = o gives III'. 



56 THEORY OF DIFFERENTIAL EQUATION'S § 19 

invariatit under Uf^x^ + nvJ- is f(^, -^—\ = o. 



dx dv 



ory = ^-^F(£^,.rxy^yF^ 



This equation is characterized by being homogeneous in x, y, y' 
when these elements are given the weights i, n, n — i respectively. 

Thus the differential equation 

xy-y'- — y\y' -\- x = O 

comes under this head ; for giving jc,y,y' the weights I, 7t, « — i respectively, 
the separate terms have the weights i -\- 2 ji + 2 n — 2 or 4 ?: — i, 3 ;^ + « — 1 
or 4 K — 1, I respectively. These are equal to 1 if k = J. Hence the differen- 
tial equation is invariant under the group 

67=2xf+^'f. 

d^ dy 

VII. Uf= <l>(x) ^- i=o, r, = Mx). .: r,' = cl>'(x), and !/ = x, 
dy 

11' s ^{x)y' — <^\x')y. Hence the general type of differentia! equation 

immriavt under 

Uf= <t>(x) ^ is f\x, 4,{x)y - <l.\x)y-\ = o, or y' - ^ V = Fix). 

ox <p \X) 

This equation is characterized by being linear in y and y'. 
Note. — Using the usual notation for the linear equation 
y' + P(x)y=Q{x\ 

the group which leaves it unaltered is Uf s. e~y*^ 4- • The integrat- 

01' 

ing factor of § 12 is ^I™' (Compare El. Dif. Eg. § 13.) 

VII'. U/= ip{y) -^- It is readily seen that the general t\pe of 
ox 
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differential equation invariant under this group is 

dx 

This equation is linear in x and 

dy 

VIII. Uf^.\l/(y) — - The general type of differential equation 

dy 

invariant under this group (y/hxch includes III as a special case) is 

In this equation the variables are separated. 

VIII'. Uf'^.'^ix) —■ The general type of differential equation 
dx 

ifivariant under this group (yihxch includes III' as a special case) is 
y<l>{x) = F{y). 

The variables are separable. 

IX. Uf=<l>(x)^iy)^- $ = o,.r, = <l>(x)^(y). 

dy 



rj' = <f>'(x)\l/(j) + <li{x)>l/'{y)y'. Equations (37) are 

dx _ dy dy^ 

o ~ 4>{x)4,{y) ~ <t>'{x)i^{y) + <i>{x)xl,'{y)y'' 



.-. u = X. u' may be obtained by solving the linear equation 

dy >l'(j)^ <^W 
in which x is treated as a constant. An integrating factor is -— - • 

i'{y) 



. ^, = jL 4>'i^) C dy . 
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Hence the general type of differential equation invariant under 

The transformation v= I — ^ reduces this to the linear equation 

dx <f> {x) 

Note. — In particular, if V'(j) is f, Uf-= <t>(x)y - - leaves unaltered 

<i>'(x) -^ 

the equation y' + - — \ ' . y=fF(x). Hence t/ie Bernoulli 
{s-i)<l>(x) 

equation -^■\- Py= Qy is invariant under the group Uf^feV'-'^^'''^'J-. 
dx |. dy 

The integrating factor of § 12 for this equation is (Com- 
pare EL Dif. ^^. § 14.) ^ 

IX'. Uf^ <f>(x)ij/(y) -J- ■ The general type of differential equa- 
ax 

tion invariant under this erout> is • — rA2/ I = p( ,A 

■^ ^ <^(jc) dy ^iv}J <t,{x) ^-" 

Considering y as the independent variable in this equation, the 

/' dx 


X. I7f=<l>(x)(x^£+ny^') i = x<}.(x),ri = ny<t>(x). ■■■" = ^„- 
u' is easily found by method (i) of § 18. The canonical variables 

^^^ y C dx , dx xy' — ny , ^ 

x" J x<^{x) dy x" ^^ ' 

Hence the general type of differential equation invariant under 



or xV — n\ = -— — F[~\, or xy' — ny = -^ F\ —^ 
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Note. — Several particular cases are of special interest : — 
1° If <^{x) = 3^, the general type of differential equation invari- 
ant under 

Hence xy' — ny = otf'Fi ^ ) is invariant under 



'■s:c"-'Li 



Uf=x''~^[ x~- + ny 



The Riccati equation 



dy , , 

X ~r- — ay -{- by^ = ex", 



comes under this head when n = 2 a ; for in this case 

^2' 



'=-{^-<i 



xy-ay = x''\c-l?\^ 



(Compare Boole, Differential Equations, p. 92 ; Forsyth, Differential 
Equations, § 109.) 

2° If <^{x)=::x^, « = I, the invariant differential equation reduces 

to xy' — y = o^~' F[~y The right-hand member is simply a homo- 
geneous function of x and y of degree \ — r. Hence a differential 
equation of the form y — xy' = x^F[ - J , where the right-ha?id mem- 
ber is a homogeneous function of x and y of degree k, is invariant 
under the group 

Uf^x^-\xl^y^^ 

The integrating factor of § 12 is — -• (Compare El. Dif. Eq. 

§ 16.) *-^r ' 
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3° If <f>(x) ^x', n = — I, the invariant differential equation reduces 
to xy' -\-y = x'^^^'Fixy), or xy' +y =y'-'^'F(xy). Hence a differential 
equation of the form xy' ■\- y =^ y'' F {xy) is invariant under the group 

The integrating factor of § 12 is , a well-known fact. 

x''}*F(xy) 

X'. if=il/(y)(x^ + ?ty-^Y The general type of differentia, 
equation invariant under this group is xv' — nv = — - — Fi - - 

i" \i<\i{y)=^y', this differential equation reduces to 

xy-ny = ^j,F{^- 

2° If i/'(j) =>'', «= I, the differential equation takes the form 

Hence a differential equation of the form 

y — X}' =^' \a homogeneous function of x and y of degree k'X 

is invariant under the group Cf^y^'^l x -^ + y-— 

3° If «=— I, >l/(y)=}'', the differential equation reduces 1 
xy' + J' = y'x''^^F(xy). Hence a differential equation of the form 

xy' + V = x^y'F{xy) 
is invariant under the group 
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The student should show that the following groups leave the corre- 
sponding differential equations unaltered : 

XI. Uf= x'y' \x-^ -^ny^\, 



XII. ^=a|^ + ^^, y^Fiix-ay). 

XIII. U/^y^ + xf, 1^; = ^^(^_/), 

ax oy I +y x + y ' 



using method {/), § i8, 



using method (^), § 18. 

XIV. ^/-.^W(|±^|), .T^y = ^^(^^/). 

xiv. ^/..O0(||±|), 
XV. ^/--'|±r|,^^^i, 

XVI. ^= </.,w(|^-t<^.(x)^ + <^3W]|)* 

<^i(*)(/^.)''+M> + v') = /^(/x> + v), 

where jasir ""^ ', v= j fi<f>3{x)dx. 

' * This group is characterized by having f a function of :r only, and rj a linear func- 
tion of/. It is mentioned by Professor Dickson, BulUtin 0/ the Afn. A/ath, Soc.^ 
Vol. V, p. 453. 



x^^yy' 


=,{,,/<- =f JO. 


xy 

r 


\r—i s—i 
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XVI'. uf^ Uy)i^^H.y)-\-'^ly)\ f^ - 1), 

where p = £^'^°''' ", (t= | p\p^{y)tiy. 

Remark. — When a differential equation is recognized as coming 
under several of the above heads, and the corresponding integrating 
factors are distinct, the solution of the differential equation is obtained 
at once by equating the quotient of two distinct integrating factors 
to an arbitrary constant (§ 16). 

Thus the differential equation 

xy' — y =^0^ 

'fif 
is linear. Hence, from VII, the group Ufs:X-J- leaves it unaltered, 

and gives the obvious integrating factor — ■ 

But it is also readily seen that each term of the equation is of the 
weight r whence, ^jjv' have the weights i, r, r— 1 respectively; hence, 

from VI, the group L^=x^ + ry^ leaves the equation unaltered, 

ax ay 

and gives the second integrating factor - The solu- 

(r — i)xy — x''*'^ 
tion of the equation is therefore 



{r-.)xy-x'^^^^^_^y__^^_,^ 



const. 



It may be noted that the equation also comes under X, 2°, and is 

lerefore invariant under Uf^^y?~'-~- 

ax 

previously found integrating factor — • 



therefore invariant under Uf=xr '-J- + x^ 'y-i" This leads to the 

dx ay 
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As another illustration of a class of equations obviously invariant 
under several distinct groups, the equation 

xfy' — y*'^ = x' or jy' — y=:. 

may be mentioned. Under the head of VI it is readily seen to be 

invariant under Uf^ (r + i);c^ + fj > ^s a Bernoulli equation, IX, 

dx Sy 

it is invariant under 67= —■ From these its solution is found 

' y by 
at once to pe 

f^l±SZ:^.S)^ = const. 
This equation also comes under X, 2°. 

20. Second General Method for Solving a Differential Equation. 
Separation of Variables.* — The simple form of the differential equa- 
tions invariant under the group of translations Uf=^ (I, § 19) sug- 

gests as a practical method for solving a differential equation invari- 
ant under a known group the introduction of canonical variables 
(§ 10). The reduction of the group to the canonical form reduces 
the differential equation to the form 

dx 

in which the variables are separated. The solution is then obtained 
by the quadrature 



i=jF{xy: 



'x + c. 



Finally it is necessary to pass back from the canonical variables to 
the original ones. 

* This method was discovered by Lie in 1869, thus antedatingthe method of ^ 12 Liy 
five years. Historically it is of interest because it is the first known method of integra- 
tion which makes use of the invariance of a differential equation under a group. 
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Since the differential equation invariant under Uf^ — *{ I', § 19) 

dx 

is of the form — = — = dx, the reduction of the group, under which a 

differential equation is invariant, to this form also enables one to 
separate the variables in the differential equation. 

While either of the above transformations brings the differential 
equation into a very simple form, the actual introduction of canonical 
variables into the differential equation and the final passing back to 
the original variables may not prove as simple as in the case of other 
variables that could be used to equal advantage. Thus, for example, 

if, in the group Uf=^~ + r)-^ which leaves the differential equation 
ax ay 

unaltered, | is a function of .r only, the introduction of the new vari- 
ables (§ 9) 

x = x, y=u{x,y) 

reduces the group to the form 



whence the differential equation must take the form (VIII', § 19) 

(40) i{x)y'^-F{,y), 

in which the variables are separable at once. 

This set of variables works especially well in the case of two perfectly well- 
known classes of differential equations, and leads to the usual methods for solv- 
ing them : 

1° The homogeneous equation 

Mdx -)- Ndy = o, 

* Owing to the complete symmetry of the two groups l^= ^L. and U/=^ , we 

dx^ By ' 

shall say that the group in either case is in the canonical form, and the variables that 
reduce a group to either form will be said to be the canonical variables of the group. 
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where M and N are homogeneous and of the same degree, is left unaltered by 
the group (IV, Note, § 19) 

dx dy 
The new variables x = x^ y = reduce the group to the form 

whence the differential equation assumes the form (40), and the variables are 
separable. (Compare £/. Dif. Eq. § 10.) 

2° The equation , . . , , , , . , 

is left unaltered by the group (V, Note, § 19) 

dx dy 

Hence, the new variables x = jr, y = xy reduce the equation to the form (40) 
in which the variables are separable. (Compare £/. Dif. Eq. § 12.) 

In an analogous manner, if j; is a function of y only, the introduc- 
ticn of the new variables 

x = u(x,y), y=y 

reduces the group to the form 

whence the differential equation must take the form (VIII, § 19) 

in which the variables are separated. 

More generally, if <^(jf) and i/'(y), any functions of the respective 
canonical variables, are taken as new variables, it is readily seen that 
the resulting differential equation will have its variables separated. 
In certain cases such forms can be chosen for these functions as to 
simplify the actual work required in introducing new variables. 
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Remark. — It is interesting to note that the knowledge of a group, 
under which a given differential equation of the first order is invari- 
ant, enables one to find both an integrating factor (§ 12) and a set 
of variables which are separable in the transformed equation. (Com- 
pare El. Dif. Eg. § 17.) 

The integrating factor can be written down at once when the dif- 
ferential equation has been solved for -^, or what is the same thing, 

when it has the form Mdx + N dy = o. 

To find the new variables that are to be separable, the solution of 
another (frequently simple) differential equation of the first order 
(giving the path-curves of the group) and usually one or several quad- 
ratures are necessary. 

In actual practice, neither method should be insisted upon to the 
exclusion of the other. In Table I of the Appendix will be found a 
list of the more commonly occurring and easily recognizable classes 
of equations of the first order, and methods for solving them. 

21 . Singular Solution.* — Let 

(25) /(^. y, y') = o 

be an invariant differential equation under the non-trivial group 

Its family of integral curves being left unaltered, as a whole, if this 
family has an envelope, the latter must be an invariant curve of the 
group ; moreover, it is a path-curve, since the group is supposed to be 
non-trivial, thus interchanging the integral curves among themselves. 
The equation of the envelope being a singular solution of the dif- 
ferential equation {El. Dif. Eg. § 30) the value of its slope y' at each 

• This section is based on an article by J. M. Page, entitled " Note on Singular 
Solutions" in the American Journal of Mathematics, Vol. XVIII, p. 95. 
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point {x,y) must satisfy (25). Since the slope of a path-curve at the 

point (-V, 1) is ^ -^'-^' ^ the equation of the envelope must be con- 
tained in ^^-""'^'^ 

(41) /(^^■,y,f)=o. 

Ranark. — In the above process (41) was found as the equation 
of a path-curve which satisfies the differential equation. If a par- 
ticular integral curve happens to be a path-curve of the group, its 
equation is also included in (41). But all extraneous loci, such as 
nodal, cuspidal, and tac-loci (/?/. Dif. Eq., § 33) which may be path- 
curves but are not solutions of (25) will not be included in (41). 

Ex. 1. ;cvy= - rV -f ;r = o. 

This equation is invariant under f^= 2*^ — '"-'i" (^'^' § '9)' 
Its general solution is <ror — <;>'-)- i = o. 

Replacing j', wherever it occurs in the differential equation, by 

-^ gives .r(4 .r^ — /) = o. 

jc = o is a particular solution for c = 00 . 
4 jr — j'^ = o is the singular solution. 

Ex. 2. (\-\-x^f-= I. 
This equation is invariant under t^= ^. (I, § 19.) 
y = - = CO. In this case, writing the differential equation in the form 



o 



-^=1+^. 



y 



— = o gives the singular soluiion i -|- jr^ = o. 

y' 

Y.yi. Z. xY-^xy' -y = o. (VI, § 19. « = -2.) 

Ex. 4. a-yy'- — 2 xy' -\- y = o. (IV, § 19.) 
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Ex. 5. y"'-4xyv' + 8f = o. (VI, § 19. « = 3.) 

Ex. 6. V = 2 xy' +,v-V'-\ (VI, § 19. « = •'.) 

Ex. 7. xy' + xyy+i=o. (VI, § 19. » = -l.) 

It is suggested as an interesting exercise that the student examine, 
in the hght of the Lie theory as presented in this chapter, the vari- 
ous examples involving differential equations of the first order to be 
found, for example, in Chapters II, IV, V of the author's Elementary 
Treatise on Differential Equations. 



CHAPTER III 



MISCELLANEOUS THEOREMS AND GEOMETRICAL APPLI- 
CATIONS 

22. New Form for Integrating Factor. — In § 12 it was seen that 

_, I 
^ ^ ^M+ r,JV 
is an integrating factor for 

Aft/x + Ndy — o 

if the latter is invariant 
under 



^=^5^ + ''ay- 




Fig. I 



Lie, by purely geometrical considerations, gave a new form * to this 
factor, which is not only interesting but also useful in certain classes 
of problems. In Fig. i, let 

<^(-*, .V) = c 

be some one of the integral curves of the differential equation. The 
infinitesimal transformation of the group transforms this into an 
infinitely near curve of the family 

<^(-*. y) = c-\-lc 

by transforming any point {x,y) of it into {x-\-^ha, y + ■t]hd). 



rP^ = the distance between these points is V^" + ij' Sa- 

* First published in the GeselUchaft der Wissenschaften zu Christiania, 1874. 
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The slope of the tangent at F is . If T' is the point {x — N, 



y + M), the length of/'7'is \/M-+JV'', and the area of the paral- . 
lelogram FTJ^F is {iM+r,JV)8a, or — . 

Let 8/2 s /W, the length of the normal to the first curve at /', 
intercepted by the second curve ; this is, to within infinitesimals of 
higher order than the first, equal to FQ, the altitude of the above 
parallelogram. Hence 

or 

(42) f- = - — . 

This form of the integrating factor is serviceable in the case of an 
interesting class of differential equations : 

If the integral curves of a differential equation are known to be 

a family of parallel curves* for which — is constant all along each 

ha 

one of the curves, it follows at onc'e from (42) that 

(42') fX. = ' 

is an integrating factor. The involutes of a curve, which are the 
orthogonal trajectories of the tangents to the curve, are known to 
form a family of parallel curves. Hence an integrating factor of the 
form (42') is known at once for their differential equation. 



Ex. Find the involutes of the circle x" -\- y^ = i. 

urve is 1 writing * for 

dx} 



The differential equation of the tangents to the curve is ( writing/ for '-^\ 



y^px + s/l+fi. 

* Two curves are said iohefiaralhi. If the distance between them measured along 
the normal to one of them is constant all along the curve. (In this case, it is well known 
that the normal to either curve is normal to the other.) 
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Hence the differential ec|uation of (he family of involutes is 






The integrating factor given by (42) is 



To integrate the exact equation 



one may proceed in the usual way (see El. Dif. £<]. § 8) to integrate 



r' xy + -^x^+y'-l j^^ 
^ X +y\/l^ +)i — 1 

where y is considered a constant. Multiplying numerator and denominator by 



X — yvx' + y"' — I, this becomes 



dx. 



r' y + xy/xi+y^~ I 
fjl^-L^-tan-' 
Letting j^ + y = /, 



J x-^+y- -J I V/ 

= Vx-+y''—I + sin-l ' - 

Vx^+yi' 

Hence, the equation of the family of involutes is 

V j2 + y! _ I 4- sin-' — =r= — tan"' - = ''""J'- 
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Remark. — From the nature of the prol>lem, it is evident that the family of 

involutes is invariant under the group of rotations Vf^E: — y Jr- + ■" '^,' Hence, 

the methods of §§ 12 and 20 are also applicable. It is readily seen that the inte- 
grating factor given by the method of § 12 is the same as that found in the text. 
The method of § 20 should be carried out as an exercise. 

23. Two Difierential Equations with Common Integrating Factor. 

If /u. is an integrating factor for two distinct differential equations, 

M^ i^x + JV, tfy = o and M,idx -\- N^dy = o, 
dj dx dy dx 



(43) 



jy 9k)gji, _ J/ ? log /x ^ BM, _ dN^ 
dx dy dy dx 

j^r^ S^ogt^ _ jy^ fljogjx ^ dM^ _ dJV^ _ 
5.1; ' dy dy dx 



Here N^M^ — N._M-^ =?t o, since the differential equations are sup- 
posed to be distinct. Hence (43) can be solved for &^ and 

dx 

Sif: J log ^ can then be determined by a quadrature, and (i. may 

dy 

be obtained at once from this. Hence the 

Theorem. — If tivo differential equations of the first order are 
known to have a common integrating factor, the latter can be found 
by means of a quadrature. 

"iA. Isothermal Curves. — A family of curves which, together with 
the family of orthogonal trajectories, divides the plane into infini- 
tesimal squares, is called a family of isothermal curves. In general, 

* This is also obvious from the form of the differential equation, when cleared of 
fractions, viz. : x -\-yp = Vi -\-p^. (See II, Note, { 19.) 
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Fig. 



a family of curves and their 

orthogonal trajectories divide 

the plane into infinitesimal 

rectangles. For, selecting 

any pair of neighboring 

curves, / and // (Fig. 2), of 

the one family it is always 

possible to find a pair, A 

and B, of the second family 

to form an infinitesimal 

square * with them ; besides, 

selecting any third curve /// 

of the first family, a fourth 

curve /F can be found such 

that A, B, Til, IV form a square also ; again, selecting any third 

curve C of the second family, a fourth curve D can be found such 

that C, D, I, II form a 
square. But with these se- 
lections made, the curves 
C, D, III, IV do not, in 
general, form a square. 

Concentric circles are read- 
ily seen to be isothermal curves. 
Their orthogonal trajectories 
are the straight lines through 
the common center (Fig. 3). 
Any pair of circles of radii 
r- and r + Ar respectively 
(;->o) form an infinitesimal 
Fig. 3 square with any two of the 




* This curvilinear quadrilateral is a square when infinitesimals of higher order than 
the first are neglected, the length of arc of one of the sides being taken as an infinitesi- 
mal of the first order. 
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straight lines which intercept the length Ar on the inner circle. Moreover these 
same two lines form squares with any other pair of circles of radn ir and 
^(r+Ar), respectively, i being any constant different from zero. 

From the definition of isothermal curves, 8« (of § 22) can be made 
the same, at any point, for this family of curves and for that of their 
orthogonal trajectories. Moreover, if the differential equation of the 
one family is 
(17) Mdx + Ndy = o, 

that of the other is 

(17') Ndx-Mdy = o. 

Hence the two equations have a common integrating factor, as is 
evident from the form (42). To determine this integrating factor, 
the method of § 23 applies. The equations (43) take the form 

^5_log> _ ^ajogji ^ bM dJV 
dx dy dy dx 



ox ay 



dJV dM 
dy dx '■ 



whence 



(44) 



a log ^ _ 



N 



dM 

dy - 



,.dN ,^dM 
ay ax 



■N 



dx 



dx M- + N''- 

dx dx dy 



M- + N^ 



dy 



dx M 2 dy 



Equations (44) are interesting, not only because they enable one 
to find /I by a quadrature, but also because they lead to the condition 
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that the integral curves of the differential equation (i 7) be isothermal. 
For, differentiating the first of (44) with respect toy and the second 
with respect to x, and equating 

The general solution of this is * 

(46) j^ = tan [_^(x + iy) + *(.v - ?»], 

where 4> and * are arbitrary functions. 

The condition (45) is not only necessary that (17) be the differen- 
tia] equation of a family of isothermal curves, but it is also sufficient. 
For, when Af and iV satisfy (45), equations (44) are consistent, hence 
a common integrating factor for (17) and (17') can be found. But 
the sum of the squares of the coefficients of i/x and d}' is the same 
for these two differential equations. Hence, remembering the form 
(42), Hh must be the same (to within a constant factor, which may 
be made unity by a proper choice of neighboring curves) in the two 
cases at any point. Hence the integral curves of (17) are iso- 
thermal curves. 

Remark. — The condition for isothermal curves in terms of their 
finite equation and that of their orthogonal trajectories is obtained 
in Note III of the Appendix. 

1° In the case of the family of concentric circles, x- ■\- ^'- = const., the differen- 
tial equation '\% x djc +ydy = o. Hence (45) is satisfied, since y" tan"'-i = o. 

While the solution of this differential equation, as well as that of the differen- 
tial equation of the orthogonal trajectories, >';/.»• — xiiy = o,i% very simple, it is 
interesting to note that (44) give very readily 

^iog^ = -i£i^Ji^ = _^iog(^2+y). ■i^ = -~-.- 

x^ +y- x^+y^ 

This is the common integrating factor for the two equations. 

* See £/. Di/. Eq. } 90. 
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2° The family of circles tangent to the axis of v at the origin x^ + y- — cjc = o 
has for differential equation {.x? — y^)dx -\- 2xy ,fy = 0. It is rea.lily seen that 

V'^tan"'— — i- = o ; hence these circles form an isothermal system. The dif- 
X — y^ 

ferential equation of the orthogonal trajectories is 2 xy dx—{x^ — y-)dy — o. 
While this is easy to integrate, it is worth noting that (44) give m = 

(jT- + y-y 

Moreover, since the differential equation is " homogeneous," it is invariant under 

the group Uf=x^-\-y^ (IV, § 19). Hence, a second integrating factor is 
dx By 

(§ 12) M2 = • The solution of the equation is therefore (§ 16) 

^^ = -^^ = ionst. or x^ + y- — cy = o, 

M2 y 

the equation of the family of circles tangent to the axis of x at the origin. 

Show that the following curves are isothermal,' and find their 
orthogonal trajectories : 

Ex. 1. The equilateral hyperbolas xy = cotist. 

Ex. 2. The similar comes ax^ + by- == const., when and only when 
b = ±a. 

Ex. 3. The coaxial circles through the points (i, o) and (— i, o), 

i-^ = const. 

y 

25. Further Application of the Theorem of § 23. — An obvious 
corollary of the theorem of § 23 enables one to find an integrating 
factor, by means of a quadrature, for an interesting set of differential 
equations. This corollary is : JJ the ratio of the integrating factors 
of two differential equations is a known function, the integrating 
factors can be found by a single quadrature. For, suppose that 

(47) ^ = <i>{^,y) 

is a known function, where ^j and fi^ are the integrating factors of 
Ml dx-\- Nidy = o and M.^ dx + N<, dy = o 
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respectively. If the second equation be written in the form 

^M.i dx + <^N.j, dy = o, 

its integrating factor is also /x,. Hence it and the first equation have 
a common integrating factor and, by the theorem of § 23, this can 
be found by a quadrature. 

Suppose, now, that it is known that the solutions of three differen- 
tial equations of the first order 

Mydx-^ N-idy=o, M,dx -\- N^dy = o, M-^dx ->r N^dy= o 

can be made to assume such forms, <^, = const., <j>2 = const., 
<^3 = const., that 

(48) <^3 = <^i + <^2. 

If /i], iM, fi3 are their respective integrating factors, 
d<(>i = /xi(J/, dx + JVj dy), d<f>., s fi^iM. dx + M dy), 

d,i>, = ^,{A/,dx + jV,dy). 
Because of the identity (48) 

d<t>3 = (/(^, + d<l>2, 
or 

(49) /i3Ms = iiiMi + fjL,M2, ^3N3 = pL,JV, + tJL,N2; 

whence ^.^ = ^'^' + ^^^^ = l^l^+J^., and 



(47') 






By the corollary above, /i, can be found by a quadrature ; and /12 
is then known from (47'). After finding <^, and <^2 by a single quad- 
rature each, 4>3 is given immediately by (48). Hence the 
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Theorem. — If it is known thai the solutions of three differential 

equations 0/ the first order can be put in such forms 0, = const., 
<i, = const. , d>., = const, that , . , , 

these solutions can l>e found by means of three quadratures. 

This theorem has some interesting applications in the theory of 
surfaces * : 

A. If the rectangular coordinates of any point {x, j, z,) on a sur- 
face are expressed in terms of the parameters u and t, the expression 
for the element of length of arc is, using the usual Gauss notation, 

ds^ = £ du^ + 2 J'du dv + G dv^, 
where 

r^^fdxV /ai'Y /SzV dx8x dy dy dz dz 

\duj \duj \duj ' du dv du dri du dv' 

The differential equation of the lines of zero length, usually called 
minimal li?ies, is then 

(50) E du^ + 2 Fdu dv + G dir = o. 

This differential equation, being of the second degree, is equivalent 

to the two 

\Edu + (F+ VE- -EG) dv = o, 

(51) \ , 

XEdu^- (F- y/F'^-EG) dv = o, 

which are essentially distinct, since it is always presupposed that 
EG — F- is different from zero. Let a(u, v) = const, and /8(//, z') 
= const, be the solutions of (51). These are the equations of the 
minimal lines. Choosing them for parametric curves, equation (50) 

* These applications will be of interest to those only who have, at least, a slight 
acquaintance with the elements of DifTerential Geometry. They have been taken from 
Lie's V'orlesungen liber Differenttalgleichungen^ Chap. 9. 
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takes the form da. dfi = o, i.e. E{a, /8) = G(a, fi) = o, and the expres- 
sion for the element of length of arc is 

ds-=2F'{a, fi)dadp. 

Introducing the new parameters «j and z'j defined by 
4>{a)= 7/1 +• h'l, i/^O) = Ki - ivi * 

where ij> and i/- are any desired functions of their respective 
arguments, ds^ = X (u„ v,) (du,^ + d^,^) , 

smce da dl3=—- — ^ {dit^ -\- dv^). This form of the expres- 

<l> (a)f (^) 

sion for the element of length is characteristic of isothermal para- 
metric curves. (Compare Note III of the Appendix). Hence, 

2 Ki = U= <j}{a) +!/'(/?) = cons/. 
and 2 ivi = V— <^(a) — ^()3) = const. 

are the equations of the isothermal curves and their orthogonal tra- 
jectories, respectively. Since <j>(d) = cons/, and ^(fi)=: const, are 
equally well the equations of the minimal lines, it is evident that the 
identity (48) is satisfied by the equation of any isothermal system 
and those of the minimal lines. It follows then from the theorem 
above that the differetiiial equation of a family of isothermal cinves 
on any known f surface can be integrated by means of quadratures. 
Besides, the knowledge of a family of isothermal lines on a known 

* In the case of a real surface, a and /3 may be selected as conjugate complex 
functions of u and v, when the original parametric curves are real. Real isothermal 
curves are then obtained by choosing ift and ^ conjugate functions of a and ^ 
respectively. 

+ A surface is said to be known if the values of x.y, z in terms of the parameters 
u, V are known, or if the forms of E, F, G, and of D, D', D" (to be introduced below) 
are given in lerms of u, c. In this particular case /;, F, G only need be known, mini- 
mal and isothermal lines not depending upon D, O' , D" . 
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surface enables one to integrate the differential equations of the mini- 
mal lines (51) by means of two quadratures. 

Remark 1. — For surfaces of the second order, surfaces of revolu- 
tion, and minimal surfaces, the lines of curvature (see B below) are 
known to be isothermal lines. Hence, in the case of these surfaces 
the differential equation of the lines of curvature can be integrated 
by means of quadratures. 

Remark 2. — In the case of a minimal surface the asymptotic 
lines are also isothermals. Hence, on such a surface the differen- 
tial equation of these lines can also be integrated by means of 
quadratures. 

B. The tangent plane to a surface at a given point cuts the sur- 
face in a curve which has a double point at that point. In general, 
the directions of the tangents to the two branches of the curve at 
that point are distinct. In this way two directions (in general) are 
determined at every point on the surface. A curve on the surface 
whose direction at every point coincides with one of these directions 
is called an asymptotic line. So that, in general, through each point 
on the surface there pass two asymptotic lines. The differential 
equation of the asymptotic lines is 

D du^ + 2 D'du dv -I- D"dv- = o, 



(52) 








where 
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In case DD" — I)'' = o, the two curves coincide. This happens 
at every point of a surface where the Gauss measure of curvature 
is zero. 
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Another system of curves playing an important role in the theory 
of surfaces is that of lines of curvature, which have the property, that 
along them consecutive normals to the surface intersect. Their dif- 
ferential equation is given most conveniently in the determinant 
form 

dv^ —dudv du^ 

(53) E F G 

D D' D" 

This differential equation is again of the second degree, so that 
through each point pass two lines of curvature. These are mutually 
orthogonal, and besides their directions are harmonic conjugates 
with respect to those of the asymptotic lines through the same point, 
as may be seen .readily from the forms of equations (50), (52), and 

(53)- 

Suppose that on a certain surface the asymptotic lines are known 
to cut out rhombuses.* This can be expressed analytically in the 
following way : 

The selection of the asymptotic lines as parametric curves does 
not affecf the appearance of the expression for the element of length 
of arc. But since u = const, and 7' = const, must then be the solutions 
of (52), it follows that D = D" = 0., Hence the differential equa- 
tion of the lines of curvature (53) reduces to 

(53') Edu-- Gdv- = o. 

The elements of length along the parametric curves are y/ E du and 
y/ G dv. These will be equal at every point on the surface, and the 
surface will therefore be divided into rhombuses, if ^ E = \(ti, J')'l>(t/) 
and y/ G = k{u, v)\p{v'). (See corresponding argument in the 
case of isothermal lines in Note III of the Appendix.) Letting 

* This is known to be the case for surfaces of constant Gauss curvature, for 
example. 
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j <^(w) du =. U, i 4i{v) dv = V, the expression for the element of 
length takes the form 

dr- = K(U, V){dW + dV-) + 2F{U, V) dUdV. 

The differential equation of the lines of curvature takes the form 
dU'-dV'- = o; 

whence the equations of the lines of curvature are 

U -\- V = const, and U — V =■ const. 

Since the identity (48) holds, it follows that // the asymptotic lines 
divide a surface ifito rhombuses, the asymptotic lines and lines of 
cufvature can be obtained by tneans of quadratures. 



CHAPTER IV 

DIFFERENTIAL EQUATIONS OF THE SECOND AND HIGHER 

ORDERS 

26. Twice-extended, n-times-extended Group. — A transformation 
of the variables x and y carries with it a transformation of the various 
derivatives of y with respect to x. Thus, just as the point trans- 
formation ,, , ,, V 
xi = <t>{x,y), }\ = xli{x,y) 

carries with it (§ 13) ^ d^ , 

iiy\ , dx dy 

dx dy 
so it also implies §X^^Xy' ^§X ,,'• 

dx dy 
The transformation 

xi = ,t>{x,y), yi = xl/(x,y), ;'/ = x(*. ;',/). yi" = ->(x, y,y', y") 

affecting the four variables :>r, J, J'', j" which is implied by the point 
transformation is known as a tivice-extended point transformaiioti* 
Starting with the one-parameter group of point transformations 

( I ) x-^ — <f,(x, y,a), yi = >l; (x, y, a), 

• In precisely the same way we are led to the n-times-extended transformation 

xx = <t>{x,y), yi^--^(x,y), yi' = X{x.y,y'). ;'i" = "(j-.j,/, v"), -, 

^j(-) = '^Vl'"r" ^ e{x.y.y\y". -,/"'). 
tlxi 

83 
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by employing the method of reasoning in § 13, the corresponding 
twice-extended transformations 

(54) -^-j = 4>(x, y, «), .V, = il^(x, V, a), J-/ = ','■'- s xi.v, r, v', ti), 

are seen to constitute a one-parameter group in the four variables 
x,y,y',y''. This group is known as the tuiice-extended group corre- 
sponding to (i). 

Writing as the symbol of the infinitesimal transformation of the 
twice-extended group 

where as before 

t — 8-V _ 8v r _ fSv' d-n , di r-, . „ -I 

&v" 
rj", which is -j— , may be found in exactly the same way as r/' was; 
, oa 

thus 

A(./r') dv'^(dx) df^-y-] df^ 

&a \dxj dx dx'- dx dx dx 

(5') •■■■.■' =£-.'"£■ 



Reasoning as before we have the n-tinies-extendcd group 

A-i = <^{x, y, a), I'l = i/'(x, y, a,), _)•,' = -y^ = x{x, y, y', a), 

dXi 



'(''\=...t^- „ ,.' „" ^^ ... v_(n)— ^1' 



(n-1) 



;.," = "'- =a.(.v, J, y,.v", ^), ■■; J.'/"'=-'^ = ^(^..V. ■-,/'", a), 
dxi dxi 
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the symbol of whose infinitesimal transformation may be written 

where 

Remark. — While 7;' is a quadratic polynomial in v' ([24], § 13), it 
is seen, on expanding (56), 

(58) V' = ^ + ^' v' + i^-^- - ?^ - ^ v'\." 

that r)" is linear in j'" In the same way ?/'" is seen to be linear in 

J''*' for (4 > I, since 

(59) V" = V + V-'^ V^'"+ - +t^""'"" 

V^/^'" 5.V a// 

In I, Ufs^l, i=o, 11=1. .■.v' = o, v" = o, ••, 7)'">so. 
aj' 
Hence, r(n)f=^f 

by 

In II. f7=_^|/ + ;r|^, ?ES-r, 7,EH:r. .-. Vsi+/=. Vhss//'. 
bx d/ 

V"s3v"^ + 4yy". 7,iv=5(2yy"+yyv), .... 

Hence, 

^■^v=-.£ + ^|+('+.-)^ + 3y.."^+(3y'^ + 4.y")|^ 

+ 5(2yy" + yyvjJ(_. 

In III, U/=y'1^ , i = o, -n-v. .-. 7,- = r', 7,"^y', ■■■, 7,1") = v<"'. 
' dy 

r.«7..|+yf-.y'|. + ...+y">^. 



;iii.t:, 


(_/ ^- 




'dy ' 


dy" 




•^ dy'" 


Extend the following groups : 






Ex. 


1. 


dx' 




Ex. 


2. 


4- 

dx 


Ex. 


4. 


6/ 5/ 

dx - dy 


Ex. 


5. 


*< 


Ex. 


7. 


-l-^ 


¥ 

xyf- 
^ dy 
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In IV, r/^Jl+y¥^ j=;f, ,=^. .-.vso, v's-y, 7/"s-2y", 

..., 7J<")S-(« - I)/"). 

Henrc rn''V= x^ ^. ,,§£ - v" -'^- - 2v"' ^^ -(n- iW»>-^. 



JiX. 3. a ^r V — • 

ax ' ay 

Ex. 6. <^(.v)|^. 



27. Differential Equation of Second Order Invariant under a Given 
Group. — The effect of any transformation (i) on the variables x and 
y is to transform the differential equation 

{60) A^,}',y,y')=o, 

by the corresponding extended transformation (54). In order that 
the equation (60) be invariant under the group (54), it is necessary 
and sufficient that ([12J, § 11) 

(61) [/"/= o whenever /(j;, y, y', y") = o. 

Using the same argument as was employed in § 18, it is seen that 
all the differential equations of the second order invariant under the 
group are obtained by equating to zero an arbitrary function of three 
independent solutions of ([9], § 11, footnote) 



(62) ^/=^-ai- + '?a^+'?a7' + '? ^' = 
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Passing to the corresponding system of ordinary differential equa- 
tions 

(ci) — '^^- — "'^ _ ^y — </v" 

^{x, J) ~ ,(.;, y) " ^\x, y, y") ~ y,\x, y, y';^)' 

the first three members are seen to be the same as those of (37), 
§ 18. Hence, two of the sokitions, u(x, y)= const, and u'{x,y,y') 
= const., may be found by the methods of that section. 

To find a third solution, u"{x, y, y', y")= const, which must neces- 
sarily involve y", use may be made of the two already found to 



:= — , or X 



civ" Ti" (tv" 

eliminate J and j' from ■^- =2_^ or x andy from -^-~ 

and y from ^5— = '^- (whichever turns out to be the simplest). Each 

of these differential equations is linear since 7;" is of the first degree 
in y" (§ 26, Remark). This linear equation can be solved by means 
of two quadratures. (See El. Dif. Eq. § 13). 

Lie has given a most ingenious method for finding a form for 
u"(x,y,yl y"^, without any integration whatever when u and «' are 
known : 

Consider the differential equation 

(64) u\x, y, y')— a u (x, y) = ;8, 

where a and /3 are constants. Since u and u' are invariants of the 
once-extended group [/'/, (64) is invariant under the group Uj^; that 
is, its integral curves are interchanged among themselves by the 
transformations of this group. Keeping a fixed, an invariant family 
of a single infinity of integral curves corresponds to each value of /8. 
Still keeping a fixed and allowing /3 to take successively all possible 
values, an infinity of such families, constituting a double infinity of 
integral curves, is determined by (64). This larger aggregate is in- 
variant under the group U/^, since each of the constituent families 
corresponding to the same value of fi is. It is evidently the set of 
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integral curves of the differential equation of the second order ob- 
tained by differentiating (64), thereby eliminating y3 ; viz. 

du' .di/ , d//' ,, 
,, . dii' tin du' 5.r av' ar"' 

(65) — p — «-r-=0, or ,— S : : = (t. 

^ ^' dx dx ' du Su_ du , 

dx dy " 

Since its integral curves are interchanged among themselves by 
every transformation (i), it is invariant under the group L^. Hence, 

^^^^'^ ,,,fdu' \ , du' 

If I «= o whenever — = a. 

\du J du 

But a being a constant, IT'i—^ — " )~ U"\ — ) ; '•^- it is indepen- 

— ) is therefore identically zero ; which is sufficient 

to make — an invariant of (54), ([9], § 11). 
du 

n [ If 

Since 11' contains )' (§ 18), — ^ o, and — must contain v".* 

5v du 

du ' 
Hence, — = const, may be used as the third solution of (63). The 
du 

general solution of (62) may then be written in the form 
(66) /(.,.',^^) = o,orf' = ^(.,«'). 

This is the general form of the differential equation of the second 
order invariant under the group Uf. We have therefore the follow- 
ing most important 

Theorem. — If f{x, v, y', r") = o is a differential equation of the 
second order invariant under the group Uf,\ and if 21 (x, y) is any 

* An invariant of the extended group f ^"/"wiiicli involves^'" is known as a second 
differential invariant o\\\\^ group Uf. 

t Attention sltouid be called to the fact that while every differential equation of the 
first order is invariant under an indefinite number of groups (see \\ 15, 17) a differen- 
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invariant and u'(x, y, v') is any first differential invariant of Uf, the 

introduction of the new variables 

(67) x=u(x,y), y=uXx,y,y') 

reduces the differential equation to the form 

(66') S^^^'^'*)' 

which is of the first order. 

In actual practice the introduction of the new variables is usually 
most readily effected by noting that 

dy _ Bx 9v 9v' 



dx dx , dx I 

ox ay 



is some ftmction of u = x, u' = y, and u" - When this function is 
obvious upon inspection, u" can be determi 
In other cases it may be necessary to solve 



obvious upon inspection, u" can be determined in terms of x, y, — ■ 

dx 



x = u{x,y), V=u\x,y,y'), -,^= ■ 



dx dx , dx , 

— I — y 

dx dv 



for y,y',y" in terms of x, y, _, x. Substituting these in the differ- 

dx 

ential equation, x must disappear, and the resulting equation must 
take the form (66'). 

After having solved (66'), its solution 
(68) <j>{u, u', c) = o 

is a differential equation of the first order. But owing to the inva- 
riance of u and u' (68) is invariant under Uf, so that it may be 
solved by the method of § 12 or that of § 20. 

tial equation of the second (or higher) order is in general not invariant under any 
group. (See Note IV of the Appendix.) On the other hand, a large number of them, 
including most of the known forms, are, and these will be considered in this chapter. 
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28. Illustrations and Applications. — 

I. Uf"^-^. ^ = 0,77=1. .'. Tj' = o, rj" = o (§ 26). Equations 

(63) are dx ^(h ^dl ^df_ _ 

0100 

.'. u = X, 11' sy, u" =^'". Hence, the general type of differential 

equation of the second order invariant under Uf^^ -^ is f{x, y' , y") = o 

or y" = F{x,y'). This equation is characterized by the absence of j. 
Note. — The transformation of variables x = x, y = y' (§ 27) re- 
duces the differential equation to 

(66') f^=F{x,y). 

This is precisely the usual method for solving an equation of this 
type. (See EI. Dif. Eq. § 57). Solving the solution of (66') for y, 
it takes the form ^y 

in which the variables are separated, as must be the case (I, § 19), 
since this equation is invariant under the same group (§ 27). 

I'. Uf"^—-. It is readily seen that the general type of differen- 
tial equation of the second order invariant under this group is 
f(.y> y't y") = o. <"'y" =-P'iy> y')- This equation is characterized by 
the absence of jr. 

Mite. — The transformation x=:y, y=y' (§ 27) reduces the dif- 
ferential equation to one of the first order (66"). Its solution 

y =f(x, c), OT -£=f(y, c) 

is a differential equation with x absent again, as must be the case 
(I', § 19 and § 27). This is also the usual method for solving an 
equation of this type. (See £1. Dif. Eq., § 58.) 
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Remark. — Owing to the simple form of an equation invariant 

under either of the groups 1//=.-^ or f^=^, it is frequently 

desirable to introduce canonical variables in case a given differential 
equation of the second order is known to be invariant under some 
group. When the introduction of canonical variables is not prac- 
ticable, other changes of variables reducing the group and equation 
to known forms may prove desirable. (Compare § 20.) 

(§ 26). Equations (63) are 



,'„'/ 



u=or -^y, u =-■ 



-y X I +^'- 2,y'y 
V — xy 



X 



'' , (§ 19). Using the last two members of 



equations (63'), 11" = -—^ — — • Hence the general type of differential 
equation of the second order invariant under Uf^. —y v — h x .- is 



IJ+y^-^ V ^- ' x+yy'j 

Nate. — The form of this differential equation is obvious from 
geometrical considerations, since u is the square of the radius vector 
to any point on an integral curve, u' is the tangent of the angle be- 
tween the radius vector and the tangent to the curve, while u" is the 
square of the cun'ature, all of which are left unaltered by the group of 
rotations about the origin. (Compare § 29.) In order to integrate 
such an equation the method of I', Remark, requiring the introduc- 
tion of canonical variables (polar coordinates in this case) will usually 
be found desirable. 



iLi'C and i::;^^ 
differential invariants of the group of rotations (II, Note, § 19) other 



Making use of the fact that --^ \=-- and ^^==; are also first 
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possible forms of the invariant differential equation of the second 

order are 

dy^.- <-■«•. m "^ i^=^h''' ^. 

III. iy/=yfy i=o,r,=y. r,'=y,r,"=y"{^26). Equa- 
tions (63) are ^_dy_^'_^ 

v' y" 

.■.« = x, «' = '-, u'' = =^-* Hence t/ie general type of differen- 

//«/ equation of the second order invariant under Uf^^y^ is 

fUl,y^) = o,orf=yF{.,y-). 

This equation is characterized by being homogeneous in y, y', y". 
It is evident, at once, that an equation of this type is left unaltered 

by the affine group Cf = y-^, since the finite transformations of the 

extended group are x^ = x, Vj = ay, j/ = ay', y" = ay". 

Note. — An interesting equation of this type is the homogeneous 
(or abridged) linear differential equation 

(69) y" + P{x)y'^Q{x^y = o. 

The transformation x = x, y=^— (§ 27) reduces the equation to 

'^^t + Py+Q = o, 
dx 

a Riccati equation. (Compare El. Dif. Eq. § 73, 6°). 

du' w" — v"^ v" / v'\^ 
* The Lie method of s* 27 gives a" =^^-= ^<^ — -2^- = - [-) , and the dif- 

v" /t''\-^ / v'\ 

terential equation. — = ('") +t-(x, ■—), which is, of course, the same in form as 

that found in the body of the text. 
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VI- l7/^J£ + nyf^. i^x,^^ny. .: r,' ^ {n - i)y', 

■q" = (« — 2)7". Equations (63) are 

dx^tfy^ dy' _ dy" 
X ny (n — i)v' (n — 2)y"' 

.■.u = ^ «'=--?— u" — -^" 
X"' x"~^ x"~'^ 

Hence fhe general type of differential equation of the second order 

invariant under Uf=. x —+ nv — is f ( — , -^ — , i 
dx - dy \i^ .r"-' .r" 

This equation is characterized by being homogeneous in .r, y,y', v" 
when these elements are given the weights \, ft, n — 1, n — 2 respec- 
tively. • 

Note. — Boole called an equation of this type homogeneous, and 
gave as a method for solving it the transformation x = log x, y = ^. 

(See Boole, Treatise on Differential Equations, p. 215 ; Forsyth, 
Treatise on Differential Equations, § 55). The new variables in this 
transformation are a set of canonical variables. (Compare I', Remark.) 

III'. Uf=. x^ is a special case of VI. Here n = o, and t/ie 

dx ' 

invariant differential equation is of the form fi^y, xy' , jc-j") = o. 

This equation is homogeneous in x, y', y" when these elements 
have the weights i, — i, —2 respectively; the weight of j being zero, 
the manner in which this variable enters plays no role. 

III. Cf= V— may also be looked upon as a special case of VI, 

dy 

corresponding to the value « = 00. Boole deduced a special method 
for this -case (see Boole, p. 220; Forsyth, § 55) which is exactly that 
of § 2 7 for this case. 

IV. if=x^+y^ is the special case of VI for « = i. .The 

^^' fv \ 

invariant differential equation is of the form f\ -- , y', xy" ] = o. 
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V. U/=x-J- —y~^'\i the special case of VI for « = — i. The 

ax ay 

invariant differential equation is of the form fixy, 3?y\ 3?y"') = o. 

VII. Uf= 4.{x)^. ^ s o, , = 4,{x). .: V = <^'(^), r," = <t>"{x). 
It is readily seen that 

u = x, u' = ^{x)y' - <t>'(x)y, u" = <j>{x)y" - ^'•{x)y. 

Hence the general type of differential equation of the second order 
im'ariant under Uf=4>(x)^ is f(x, 4y' — cft'y, <j>v" — <l>"y) = o, or 

Note. — An interesting equation of this type is the complete linear 
equation 

(70) y" + P{x)y' + Q{x)y = X{x), 

which is obtained from the general form by letting^ be linear in 
u' = ^y' — <j)'y. Bearing this fact in mind, it is cleat that y = if>(x) 
satisfies the abridged equation (69), obtained from (70) by replacing 
X{x) by o. Conversely it is readily seen (and will be left as an exercise 
to prove) that \{y = j'o is a solution of (69), (70) is invariant under the 

group Uf=y„^. The transformation x = x, y=yny' — y^y {% 27) 
reduces the equation to the linear equation of the first order 

(71) f^ + P{x)y=ylx)X{x). 

This property of the complete linear differential equation of the 
second order of reducing to one of the first order by a transforma- 
tion that is known when a particular integral of the^ corresponding 
abridged linear equation is known is not new. (See El. Dif. Eq. 
§ 53, 1°.) The transformation employed above yields an equation 
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bearing a more striking resemblance to the original equation than 
the transformation, 

V 

usually employed. The new variables in this transformation are a set 
of canonical variables (I', Remark). 

Other groups whose invariant differential equations are readily 
found are the following : 



X. ^.<^(.)(.| + .^|). 



j.f y xy' — ny . xry" + (1 — ?i)xy' \ 

\jc" x^ xy —ny -r < -r j 

Xll. C7=ag + ^|. f{bx~ay,y',y") = o. 

In Table 11 of the Appendix will be found a list of the more com- 
monly occurring and readily recognizable classes of equations of 
higher order than the first invariant under known groups. 

Ex. I . xyy" + xy'^ —}'/ = o- 

This equation is invariant under the group IV : iy=x-^+y-^. 

Introducing the new variables 
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the equation takes the simple form 

tiy , y 
ax X 



Integratmg xy = a,OT-'-^- = a. 

X 

Integrating again ax'—y^d. 

Note. — Inspection shows that this equation is also invariant under 

III: 67 =j^, and III': Uf = x~^- 
ay ox 

Ex. 2. (a-- +/)y" + 2{y-xy){i+y^ = o. 

This equation is invariant under the group II : 

lj= -y -r + ^-f' 

ox oy 

Introducing the canonical variables (in this case, polar coordinates) 
-ly 



jr = tan~''2. y=z^:i^ -^yr, 
x 

the equation takes the form — - -\-y = o. 

Here the independent variable is absent, but, instead of using the 
method indicated by the general method of § 27, it will be simpler 
to solve this linear equation with constant coefficients by the usual 
method for such an equation. (See El. Dif. Eq. % 45.) 

y = a cos x-\-b sin x. 

To pass back to the original variables, multiply by y, whence 
jc^ +y = ajc + by. 
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Note. — This differential equation is also invariant under IV. 

Ex. 3. }ryy" — (xy' —yf = o. (Invariant under III, IV, . . . .) 

Ex.4, x'y" -\-{xy'—yf=o. Ex.5, x'y" = xy' - y. 

Other equations invariant under known groups appear in §§39 
and 40. 

29. Further Applications. — Besides being able to recognize a 
group under which a given differential equation is invariant from the 
characteristic properties given in § 28 
and enumerated in Table II of the 
Appendix, it is possible at times, to 
find such a group from the nature of 
the problem giving rise 
to the differential equa- 
tion. As examples, the 
following may be noted : 

1° The group of rota- 
tions about the origin 

C^= — y -J- -^ X ^ leaves unaltered 

bx 6v 

R = the radius of curvature of a curve at any point, 
p = the radius vector to any point on the curve, 
r = the radius vector to the centre of curvature, 

the distance from the origin to any line (such as the tangent 
or normal) connected with the curve, thus OM and ON, 
PM=. the polar subtangent, = ON, 
PN=. the polar subnormal, = OM, 
tj/ = the angle between the radius vector and the tangent, 
the remaining angles of the triangle OCI'. 

Hence a family of curves defined by a relation between any or all 
of these is unaltered by this group ; the differential equation of the 
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family is therefore invariant under it. Passing to polar coordinates 
(the canonical variables) will usually be found desirable in this case. 

2° The similitudinous group U/^sx ^ -{-y -J- leaves unaltered 

3jc by 

= the angle between the initial line and the radius vector, 

T s the angle between the initial line and the tangent to the curve, 

<^ s the angle between the initial line and the radius vector to the 
centre of curvature, 

ip s the angle between the radius vector and the tangent to the 
curve, 
the ratio of certain lines connected with the curve, sucK as 
radius vector, radius of curvature, radius vector to the centre of curva- 
ture, intercepts of the tangent, normal, or of the curve itself, sub- 
tangent, subnormal, length of tangent or normal from a point on the 
curve to one of the axes, and the like. 

Hence this group leaves unaltered the differential equation of a 
family of curves defined by a relation between any of the above in- 
variant configurations. Passing to canonical variables, or to polar 
coordinates (thereby reducing the group to III') may simplify the 
problem of solving the differential equation. 

3° Certain configurations could be enumerated as invariant under 

the groups of translations Uf = ~- and t^=^- But as in either 

case one of the variables is absent in the resulting differential equa- 
tion, the latter will suggest the group without considering the defini- 
tion of the integral curves. 

Ex. Find the family of curves for which the radius vector to any 
point of a curve is perpendicular to the radius vector drawn to the 
centre of curvature of the curve at that point. 

The differential equation of this family must be invariant under 
the group of rotations II and also the similitudinous group IV. 
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Noting in Fig. 4 that the triangle POC is right-angled at O, 

OP T, P ■ , 

= cos p. ox — = sin J/. 

PC R ^ 

Here p = V^F+Z, R = ^' +-^"^ , tan xf, =1^1^ . Hence the 

y X +yy 

differential equation is 

30. Differential Equation of Order Higher than the Second Invari- 
ant under a Given Group. — The method of § 2 7 can be extended 
without change to differential equations of higher order : 

\ differential equation of the «th order 

(72) /(^, J, y,y', -,;•'"')= o 

is invariant under the group Uf, if and only if 

(73) /7'"y=o whenever/= o. 

All the differential equations of the «th order invariant under the 
group are obtained by equating to zero an arbitrary function of « + i 
independent solutions of 

These independent solutions may be obtained from the corre- 
sponding system of ordinary equations 

■'5/ > J M ' ' „(rt> 



It was seen in § 27 that if ti{x,y) is an invariant of Uf, and 

u'ix. r. v') is a first differential invariant, then -— is a second differ- 
\. < . ' J / flu 

ential invariant. Hence, 

(76) Tu-'"' = ^ 



too THEORY OF DIFFERENTIAL EQUATIONS §30 

is an invariant differential equation of the second order for all values 
of the constants a and y3. Its integral curves constitute an invariant 
family of m- curves. The 00' differential equations of the second 
order obtained by keeping « fixed and giving to /3 all possible values 
have for integral curves 00' such invariant families of oo' curves. 
Grouping all these curves into one aggregate of 00^ curves, this aggre- 
gate is invariant under the group since each of the families is. The 
differential equation of this family is, therefore, invariant. It is ob- 
tained by differentiating (76), thus eliminating fi, 

, ^ d ( du''\ du d'-u' 

In order that (77) be invariant, we must have from (73) 

U"'{ a )= o, whenever '- — r^"^- 

\ dii- J du- 

But U"'('^-a\=U"''^; 

\du- J du- 

i.e. it is independent of a. Hence, if (77) is to be invariant, If" 

d^u' . ''"' 

must vanish identically. So that — - is a solution of (74). Since it 

du- 

contains J)'"' (as may be seen readily), it is independent of u, n', '- — • 

dll 

In the same way it can be shown, step by step, that a set of inde- 
pendent solutions of (74) is 

du' dhi' d"-'u' 



u, u . 



du dii- dll" ' 



Hence the general type of differential equation of order n invariant 
under the group Uf is 

, a\ d'^'^u' „/' I dll' d-u' d"~'}/' 

(78) :t— 7 = ^ "'" 



du"~^ V ' du' du- ' ' du" - 
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We have then as an extension of the theorem of § 27 the following 
Theore:\i. — -^/(.v, y, y', y", ■■■, j<"') = o is invariant under the 
group Uf, and if u(x, y) is any invariant, and u'(x,y, v') is any first 
differential invariant of Uf, the introduction of the new variables 

(79) X=u{x,y), y = i''{x,y,y') 

reduces the differential equation to 

08') gl^ = ^(.,,,^,..,f^V' 

die' ' \ dx dx" 

which is of order n — i. 

After having integrated (78'), its solution 

/(//, u', Ci, Co, ■■■, <:„_])= o 

is a differential equation, also invariant under Uf, since rt and it' are. 
Hence it may be solved by the method of § 1 2 or of § 20. 

Many of the arguments of § 28 can be used here, almost without a 
single change. Consequently, the results only will be given, it being 
left as an exercise for the student to fill in the steps. 

I. The general type of differential equation of the nth order 

invariant under Uf=-^ is f(x,y', y", •■•>/"')= o> which is charac- 
terized by the absence of j. 

The transformation y=y', reducing the differential equation to one 
of order n— i constitutes the usual method for solving an equation 
of this type. (El. Dif Eq. § 57.) 

1'. The general type of differential equation of the nth order 

invariant under Uf^i^ '■^/(j''>.'''> j") ••■>>''"')= O) which is charac- 
terized by the absence of x. 

The transformation Jf = r, y=y' , reducing the differential equation 
to one of order n— \ constitutes the usual method for solving an 
equation of this type. {El. Dif. Eq. § 58.) 
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The remark of I', § 28 with reference to the introduction of 
canonical or other variables when a group is known under which 
a given differential equation is invariant applies equally well here. 

I. The general type of differential equation of the nth order 
invariant under Uf'^y— is f[x,-^,<—. •■■,-'- — ) = o, which is 

dy \ y y y I 

characterized by being homogeneous in j', y, j", •••,y"'- 

VI. The general type of differential equation of the nth order 

invariant under Lf=x^ + ry^ isfl -- -~— , ——, ••■,^— - 1 = 0, 
dx 8y \x' .v'~' x"^ ■' x' "J 

which is characterized by being homogeneous in x, y, y',y", •■•,y"', 

when these elements are given the weights i, r, r—i, r—2, ••■, 

r— n respectively. 

As special cases of this group may be mentioned 

IV-. r= I, fU,y', xy", — , a:"-y»A=o, 

V: r = -i, f{xy, W, x^y", ■-, jir»+y»')=o, 

III' ■ r=o, f{y, xy', x'f, ■■., .v7"")= o, 

III : r= CO . The invariant equation in this case is more readily 
recognized by the other characterization given under III above. 

VII. The general type of differential equation of the nth order 
invariant under 

uf = 4>(,x)^-l isf{x, H'-'i^'y. <t>y"-'t>"y, -, <^y"' - <^<"» = o, 

dv 

or #'"> - 0<"'j' = H^> 't>y' - <t>'y> *;■" - *'>. •-. #'"'" - '^'"'""j')- 

JVfte. — An interesting equation of this type is the complete linear 
equation 

(80) v"" + /\y ■-" + P.y"-^> + •• • + Tn-uy" + T,_,y' + P,,y = X. 
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If v=jo is a particular solution of the abridged equaiion obtained 

by replacing X by zero, (80) is invariant under Uf =:yo^- 

The transformation (79) y=y^y' —y^'y {or y=yay, resulting from 
the introduction of canonical variables) reduces (80) to a linear equa- 
tion of order n— 1 {El. Dif. Eg. § 59), but the resemblance of the 
resulting equation to the original one is not as striking as in the case 
of the linear equation of the second order (VII, Note, § 28). 

XII. The general type of differential equaiion of the nth order 

invariant under Uf=a-J^ + i-^ is f{bx — ay, v',y", ■•■, y'"'')=o. 
ox ay 



CHAPTER V 

LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE 
FIRST ORDER 

31. Complete System.* 

Theorem I. — If <^(a-, v, z) is a solution of the two independent^ 
linear homogeneous equations 

AJ = Aix, y, s) |/ + Q,(x, y, z) |^+ R,{x, y, .) |^= o, 

A,f = P, (X, y, z) ^^ + Q, {X, y, z) |^ + J?, (x, y, z) ^-^= o, 

it is also a solution of 

(A,A.^f = {A,P - A,F,) g + {A, Q, - A,Q,)^£ 

+ {A,R,-AM,)^^ = o, 

where (A^A.j) is the alteriiant of the operators A^ and A.y (§ 14). 
For {AiA2)<t> = A^{A.j<l>) — A2{A^<f}) ~ o, since .-^j<^ =0 and A2<t> = o. 

* Only so much of the theory of complete systems and only such methods for their 
solution as seem necessary for our immediate purpose are given here, tor an excel- 
lent detailed treatment of this subject the student is referred to Goursat-Bourlet, /nte- 
gratton des equations aux deriv'ees partielles du premier ordre. 

t r equations of this type in n variables are said to be independent if it is impossible 
to find r functions o-j, o-.i. •*•, <Jt of the variables such that 

In the case of r = 2. this amounts to saying that the equations are independent if 
one of them is not a multiple of the other. 

104 



§ 31 LINEAR PARTIAL DIFFERENTIAL EQUATIONS I05 

If three linear equations in three variables Aif—o,A..f=o, 

Af,f = o have a common solution ^{^x,y, z) other than a constant, 

d<j) d<b dd> 

^ , ^ -, -^ satisfy the three homogeneous linear relations 

^''^ = ^'dx + ^' -fy + ^' dz = ^- 

_. , , . dd} dd} deb 

Since <l>{x, y, z) is not a constant, ^- , -^-, -j- cannot all be 

identically zero. Hence 

A= /'a Q., ^2Jso. 

It follows that three functions o-,(;c, y, 2), a:j{x, y, z), ^^{x, y, 2) can 
be found * such that 

(8 1 ) o-i^y + 0-2^2/ + <^i^3/ = o ; 

i.e. the three equations are not independent. Hence follows 

Theorem II. // the three equations in three variables A^f = o, 
A.i/= o, ^3/= o /lai'e a common solution, other than a constant, 
the\ are not independent ; or stated othervvise, three independent 
linear homogeneous partial differential equations in three variables 
cannot have a common solution, other than a constant. 

From Theorems I and II, it follows at once that if A^= o and 
Anf =^ o hai^e a common solution, 

(82) {A^A.^f= p\{x, y, z)AJ^ p,{x, y, z)A.J. 

* Thus, for example, one may take for (Tj, co, <y?, any three functions proportional 
to the cofactors of the correspondmg elements ot any column in Ji. 
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Clebsch gave the name of cojnplete system to a pair of independent 
equations Atf= o and j4.,/= o, which are connected by the rela- 
tion (82). The last statement may therefore be put into the form 

Theorem III. If Ai/=o andA/= o have a common solutioti, 
tliey form a complete system. 

Conversely, we shall prove the very important 
Theorem IV. If A-^f = o and A.^f = o form a complete system, 
tliey have a common solution. 

In order to do this it is necessary to prove two lemmas. 

Lemma I. If A^f = o and A..f ^ o form a complete system, any 
pair of equations formed of independent linear combinations of these, 
also form a complete system. 

The equations 

' A\f= Kix, y, z)AJ+ /i.i(jr, y, z)AJ= o 



(83) , 

'. A.2f= X^ix, y, z)A,f+ ti.,(x, y, z)AJ= o 

are independent if Xi/xj — ^if-i ^ o. Then A^ anA A^J can be found 
as linear functions of ^^/and >?»/ from (83). 

Since A-J = o and A^=- o are supposed to form a complete system, 
{A,A^)f={X,^L^-X^;){A^A„)f + {A^X^-A.X^)AJ+{A,^^,-A.,^,^)AJ 
is seen to be a linear function of A-if and ^2/1 and therefore of 
>fi/and A.:J, which proves the lemma. 

Moreover, any common solution of Aif= o and A.,f-= o must be 
such for A-if^o and AJ=o, and vice versa. Hence the two systems 
are said to be equivalent, or each is said to be equivalent to the other. 

A system equivalent to the original system is obtained if the equa- 
tions of the latter are solved for two of the three partial derivatives 

^, /-, ^- This can always be done, since all three of the deter- 

ax ay az 

minants in the matrix l^^^ Q^ R^ 

P, Q2 ^2 
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do not vanish identically, A^f = o and Aif= o being independent 
equations. If, in particular PiQ.^— J',Qi = £>^o, tlie equations 

may be solved for :f- and :!-, thus giving 
ox ay 

(33') A.f^z+«.%=o. ^y=*;+»,|-o, 

ui = — ^ !, X, = ^ , u,., = - ' , and X]U,, — X.,u,, = — ^ o, since all 

functions involved are supposed to be generally analytic. Hence 

equations (83') are independent. This fact is also obvious upon 

1/" 
inspection, since the first equation is free of v-, while the second 

5/ ^ 

does not contain . • Moreover 
c'.v 

(84) (4i^,)/so. 

For, since Ai/= o and A.if= o form a complete system 
(82) {A,A,)/ = p,AJ^-p,A,/. 

In the case of equations (83') 

{A,A.:)/^{Afi,-A,R,)% 

which is free of both -i— and — - - Hence pi and p, in (82) must both 

be zero, and the form (84) follows. 

A complete system for which p, ^ p.j — ° is called 2l Jacobiaii* com- 
plete system. We have thus established 

* Originally this term was applied only to a complete system in the special form 
(83'). Lie and other mathematicians, however, used it, .is above, to apply to the more 
general class of complete systems; (sec Lie. Diffcreiituitgleichuri^i^cn, p. 202; Goursat- 
Bourlet. /^i:. i://., p. 347; also EncyklopCidie der Mathematiscken Wtsscnschaftcn, Band 
111. P- 315). 
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Lemma II. — A Jacohian co}nplete system can always be found 
equivalent to a given complete system. 

Remark. — It should be noted that this equivalent Jacobian sys- 
tem is not unique, since starting with such a one, the system obtained 
by taking any pair of independent linear combinations of these equa- 
tions with constant multipliers is another system of the same sort. 

It is easy to show that a Jacobian complete system has a solution. 
Suppose that >fi/= o and A^f= o form such a system. Then 

(84) {A,A,)f = A,{A.J)- A.IAJ)= o. 

If u(x, y, 2) and v{x, v, z) are two independent solutions of one of 
the equations, say Ai/=:o, any function of // and ?• will equally well 
satisfy this equation. It remains to find such a function of them, 
J^(u, v), that it shall also be a solution of the other equation A^f = o ; 
that is, 

(85 ) AiF{u, v) = --— A'.u + — - A«v = o. 

on av 

Replacing / in (84) by u and v successively, 

Ai(Am)— A.2{Aii/)=o and Ai(A.rr)— A^Ai7')=o. 

Since AiU = o and AiV = o, it follows that 

Ai{Am')=o and Ai{A2v)=o. 

Hence A^u and A-^?' are functions of u and p, say tf>{u, v) and !/((//, ?') 
respectively, and the equation (85) to determine F{u, v) is 

(85') ^{u,v)\f-+^{v,v)^-f^o. 

ou av 

The solution of this equation (which is known to exist by the gen- 
eral existence theorem) is a solution of the Jacobian system Ai/= o, 
A<J^ o, and consequently of the equivalent complete system Ai/= o 
and Axf=- o. Theorem IV is thus proved. 
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All that has gone before can be extended at once to homogeneous linear equa- 
tions in ;/ variables. 

Without changing a word in the pnmf of Theorem I we have: // 
0(j|, xn, •••, jr„) is a solution of Ihe t-MO equations 



Aif= Pn{xi, X-2, ■■; X„) -'■-- + /'i;(-Vl, -V:;. 



+ Pli,i^l, x-2, 



A.:^/- /'i,(jri, X., ■■; x„) .'- + /'-^.r,, x-^. 



dx-i 



x.,S'- = o. 

C*-V,. 



">;''+ 

d-^1 






+ An(.vi, J:,, 

?V is also a solution of i^AyA-i)/^^ o. 

As before, if ft equations have a conunon solution, other than a constant, the 
equations cannot be inJepefident. For the determinant of the coefficients 

Al Px-i ■■■ P\n\ 

Pll Pt-2 - P2n 

^n\ ^ tt'l '" ■* nn 



must vanish. Hence a relation of the form 

<ri.-il/+ <r-j--'-.'/+ •■• +<r„A„f=0 
must exist. 

Starting with r independent equations 

.Ji/=o, .-/■,/= o, •■■, Arf=o{2Z'-<n) 



with a common solution, all the equations 

(^iA„)f= o, (i, K = I, 2, 3, ■••, r), 

will also have this solution. Some or all of these equations may be independent 
of the original equatiims. Adjoining these to the latter, the prociiss may bo 
repeated as long as independent equations can be found. This process must 
come to an end before the total number of equations reaches n. For it has just 
been seen that there cannot be n independent linear equations in « variables 
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having a common solution, other than a constant. We have thus obtained a 

system of j equations 

Alf=0, A^f=0, ■■; ^,,/=: O (r < J < «) 

such that (_AiA,)/=piAif+ p-iA.2f-\- ■■■ + p^A,/, 

{i, K = I, 2, 3, •••, j). 

Such a system constitutes a complete system. We have thus shown that ifr 
equations have a common solution, every member of the complete system determined 
by them has that solution. 

It will be left as an exercise for the student to show that starting with any 
complete system an equivalent Jacobian system* can be found. The method is 
identical with that given above for three variables. 

That a Jacobian complete system (and, therefore, any complete system) of j 
equations in n variables has n — s independent solutions may be proved in a 
manner entirely analogous to that usetl above for j = 2, « = 3. To illustrate, the 
case for i = 3, ;» = 5 will be given without detail : 

The equation 

Aif=Pa^ + Pi-- -^ + Pic, -^ + /'u -2^ + As -^ = 0, 

dXi dJ^2 0-^3 OXi d-C6 

has four independent solutions ui, u<, u\, ut (El. Dif. Eq. § 79). The problem 

is now to show that some function F{u\, ;/o, mj, u\) of these will satisfy both 

A^f— o and Azf= o. 

Since «, for 2 = I, 2, 3, 4 satisfies Aif =^ o, it follows on replacing / by «, in 

the identity 

M,..;.)/=^,(./,/)- .4a(.4,/)=o 

that A-2'(i is also a solution of Ai/= o. Hence A^iii must be some function of 
ai, 1(2, a:i, M4. say <pi(u\, u-:, n,;, 714), for 2 = i, 2, 3, 4. If /"is any solution of the 
equation involving the four variables ai, u-, n,;, ut, 

a«i oai d"s out 

it will be a solution of A\/= o and A^/^ o. 

* A Jacobian complete system of s equations is one for which 

(.•i,^J,)/=o 0, K = I, 2, 3, -, s). 
See previous footnote. 
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This equation has three independent solutions I'l, vi, v^. Any function of these 
will be a solution of Aifz= o and Aif= o ; and conversely, every solution com- 
mon to Ai/=o and A>/=o must be a function of t'l, v-^, z'j. It remains to 
show that some function, "l>(z'i, v^, Vi), of them will satisfy Azf= o. 

As before, it follows on replacing/ by t/,- in the identities 

(AiA,i)/=A,iA;/)- A3iAi/)=o and {A.,A.i)/=Ai(As/)- A-i{A«/)=o, 

that A-sz'i is a solution of both A\f= o and A-if = o. Hence A-iVi must be some 
function of 7/1, v^^, v^, say \pi{vu ^j> ^a)» fi>r ^ = i» 2, 3. The function 4> may then 
be any solution of the equation 

OI'l OZ'2 O^'J 

This is known to have two indepentient solutions. Each of these is the:efore a 
solution of the complete system, and there can be no others. 

32. Method of Solution of Complete System. — To actually find 
the solution common to the members of a complete system A^/= o 
and Aif^ o it is not necessary to pass to an equivalent Jacobian 
system. If u and v are two independent solutions of one of the 
equations, Ai/= o, it is known that some function F(u, v) is a solu- 
tion of the other ; i.e. 

dF dF 

(85) AiF(u, v) = Ai!i-^+ A^v g^=o. 

or 

(86) '/+^'f=o. 

au A.M 01' 

Knowing that some form of F{u, v) must satisfy this equation, 

whence — and — are also functions of u and v, — ^ must be a 

du dv Am 

function of u and v.* Hence (86) may be written as an equation in 
these two variables only, and the usual method of solution for such 
an equation may then be followed. 

» It should be noted tluit in tliis case, unlike in the case of a Jacobian complete sys- 
tem, A.iit and A-ji' need not be functions o( « and v, although they may be. 



112 THEORY OF DIFFERENTIAL EQUATIONS §32 

Ex.1. AJ= — =o,AJ=x{-+y-^+z{^o. 
Ox ox ay az 

Since {A-^A.^f= A^f, these form a complete system. 
Here v=y, v = z are solutions of ^,/= o. 'Y\ie.r\- Am =y = u, 
A.2V = z = v, and equation (85) may be used to determine F; thus 

SF , QF 

The general solution of this is any function of -. Hence the com- 

u 
men solution of the complete system is any function of -. 

r V -'■ 

Or starting with « ="_, ?'s"- , the solutions of^.,/=o, and noting 
y z 

that A-^ii = -, Ajv=-, whence 1^ =2 = ?! equation (86) is 
y z A^u z u ^ 

if vdF^^ 
du u di) 

Its solution is -=--, giving the common solution of the system 01 
u z 
equations. 

Ex.2. AJ^xf+y'( + zf, 
ax - ay dz 

A,f= i .v-^ + / + yz^%- + (a~'+ v^- xz)%^ (xz + vz)f= o. 
ox ' ov " oz 

These form a complete system, since (AiAn)/^ A.,/. 

Here a = -. 71=-- are solutions of Ai/— o. Am = ^- — ' ^'^ ~ "'-^' , 
z z ' z 

>„ x^ — xz — xy A^i' X u , . /„,,. 

A2ii = J-. .■.—i-= = . and equation (86) is 

z Aou y v' 

SF_udF^ 

du V 5?' 

Its solution is 11^ + 7!^. Hence the common solution of the com- 

V- 4- / 

plete system is any function of " — ^^ . 
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Ex. 3. AJ^y%-x%=o, A.J= /=o. 
ax ay az 

Ex.4. .A/=.v-^-+2^^=o, AJ = y^ + z^^=o. 

. ^ ^f ,¥ ^f . . 3/ a/ 3/ 

Ex. 6. ^,/^(.v-.v + .)|-2;.| + (^-,. + .)|"=o, 
^./^0.-.)| + (.-.)|+(.v-,.)|=o. 

Ex.7. ^,/^u-.-,0| + (>'--v)|+(i -34^=0, 

-.0 a/ a/ ., df 

Aif= (X- + r) „-■ + 2.rv - — r( I — =- ) ■ =0. 
ox ' ay ■ az 

33. Second Method of Solution. — If <li{x, y, z) is a solution of the 
complete system Ai/= o and Aif= o, the equations 

^,<^^/'.^+a^/ + ^,^* = o, 
ax ay az 

ax ay az 

give 1^ : ^ : ^ = a^. - e.^, : ^.Z'. - R.P, : P,Q,~ P,Q, 

ox av az 

Since the total differential equation which has <t>{x, y, 2) = coiisf. 
for solution is . , - , „ , 

ox ay az 
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or differs from it by a factor involving x, y, z only, this equation 
may take the form 

(87) {Q,R,- Q,R,yx+{R,P,-R,P,yy + ^P,Q,-r,Q,)dz = o* 

The problem of solving a complete system is thus reduced to that 
of solving a total differential equation (87). At times the actual 
work involved in solving (87) turns out to be simpler than that re- 
quired by the method of the previous section. 

Besides the usual methods for integrating total differential ecjuations (see 
El. Dif. Eq. Chapter VI) the following method due to Dubois-Reymond may be 
mentioned. 

Instead of letting one of the variables, say 3, be a constant temporarily, as is 
usually done, let it be a linear function of the other two, thus 

z^^x -{- ay 

where a is an arbitrary constant. This relation carries with it 

a'z = air 4- ady. 

Eliminating 2 and dz from these two and the total differential equation, there re- 
sults an ordinary differential equation 

M{x, y, d)dx + A\x, y, a)dy = o f 

whose solution yf/{x,y, a) = const, 

* Equation (87) may be put in the convenient determinant form 
dx dy dz 
Pi Qy ^1 
P2 Qi Ri 

which expresses the condition that the above three homogeneous linear equations in 

§*. g^. ^ are consistent. 
dx dy dz 

t If it happens that this differential equation does not contain a, some other linear 
relation among the three variables containing an arbitrary constant should be tried 
leading to a difterential equation in (wo of the variables only and containing the arbi- 
trary constant. 
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gives, on replacing a by its value in terms of x, y, s, 
y^ix, y, ) = const., 

\ y I 

which is the solution of the total differential equation. 

This method requires the solution uf only one ordinary differential equation 
instead of two, as in the usual method, when an integrating factor is not known, 
liut in actual practice, this theoretically simpler method may not prove as de- 
sirable as the other. 



Ex. The examples of § 32 should be solved by the methods of 
this section. 

Thus for Ex. i the total differential equation to be solved is 



dx 


dy 


dz 




I 








= zdy - ydz ■= 0. 


X 


y 


2 




Its solution is -- = const. 






For Ex. 2 dx 




dy dz 


■ 




y • 


x- + y- + 


_V2 


X- -\- y'' — xz 2(.v + v) 



becomes, on multiplying the second row liy x -^ y and subtracting from the third 

ax dy dz 

{y -Vz — x)\ X y z 
\ y — X o 

or xz dx + yz dy — (jr^ -\- y'')dz = o. 

I 



An obvious integrating factor is 



■-(x^+y^) 



, and the solution is 



rri±r 



: const. 



34. Linear Partial Differential Equation Invariant under a Group. — 
The homogeneous linear partial differential equation of the first order, 



(88) 



a.x dy OS 
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has two independent solutions <t>i(x, y, z) and <^2(->-"> y, ^)- Every 
other solution is some function of these. 

The result of transforming (88) by the transformation 

( 89) jci = (^ {X, y, z), yi = xj, {x, y, z), s, = x(x, y, z) 
is ([15], § 11) the new equation 

(90) A<i>^ + A^^l + Ax^f=o, 

axi oj'i dZi 

where At^t, Aip, Ax are to be expressed in terms of x^, r,, z^. If (90) 
is the same equation in the new variables as (88) is in the old ones, 
or differs from it by a factor, the transformation (89) is said to leave 
the differential equation (88) unaltered. In this case it must trans- 
form both <^i and <^2 into solutions again ; that is, they are either left 
unaltered by (89) or they are transformed into some functions of 
themselves by it. 

Let us find under what condition (88) is left unaltered by every 
transformation of the group 

ax ay az 
We have seen ([7], § n), 

<^.(^i. vi. zi)= <^.(*-, y, 2)+ t/<^, - + ir-<i>, —, + •■■, 

I 2 ! 

(/=i, 2). 

In order that this be a function of 4'iix, v, z) and t^.^ix, r, z) fcr all 
transformations of the group, i.e. for all values of /, it is necessary that 

(91) t/<^, = /^.(<^i, <^,), (/=!, 2). 

It is readily seen that this is also a sufificient condition. For 
C7-=<^, = t/«^. = £//-.(<^„ <#.2) = IJ- ^<^ + l^' U^, = ^" ^1 + f ^ F,, 

0(j>i Ocp.j 0<Pi 0<^2 



§34 
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which is again a function of <^i and <^a- I» the same way it can be 
showii that if t/'<^, is a function of ^i and ^o, f/*"^'<^i is. Hence, 

(91) is the necessary and sufficient condition that the equation* 
whose solutions are <^i and <f>., shall be invariant under the group. 

It is desirable to have a condition expressed in terms of the differ- 
ential equation itself. The linear equation 

(92) ([/A)/={CrP-Ai)^ + {UQ-Ar,)^+i(/Ji-A0f = o 

ox ay as 

has <t>i and <^o for solutions when A/= o is invariant under Uj^. For 
( UA)<t,, = (7A<t>, -A17^,= U(p) - AF, {<f>^, </>o) = o 
{t=i, 2). 

Since (88) and (92) have the same solutions, they must be the 
same equation, to within a possible factor, by the previous footnote. 

* A unique linear differential equation of the form (83) (to within a possible factor 
involving the variables only) is determined by two independent solutions. For if 
tpi and 0.T are the solutions of 

ax dy 02 



then 



whence 



P:Q:R = 



ox ay 02 

d<t>i d</'2 _ 6101 302 . 301 502 _ 301 302 . 30i 302 _ 30i 502 _ 
dy 32 dz dy d' dx dx d: dx dy dy dx 



So that the differential equation having 0i and 0., for solutions may be written in the 
convenient form 

3^ 3/ 3A 

dx dy dz 

301 301 301 
dx dy 32 

302 302 302 

dx dy dz 
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Hence when Af=i o is invariant under Uf 
[31] ■ {,UA)f=\{x,y,z)Af. 

Conversely, when [31J holds, (88) and (92)* have the same solu- 
tions ; then ^^^^^^ ^ ^^^_ - AU<^, = o, (. = i, 2). 

Since A<f>, = o, it follows that A{ t/<^,) = o ; hence I7<t>i is a solution of 
(88), and must be a function of </>! and <f>.2. 

Therefore [31] is both the necessary and sufficient condition that 
Uf leave Af = o unaltered. ■\ 

Thus, the group Uf=:c^i+y^+z^ leaves A/= ^{ -i-^/+^=o unal- 

tered. since ( i/^)/S- (-^/ + ^/^ |/\ _ 

Similarly the same group leaves Af=y / — jr~ + c^=o unaltered, since 

It also follows from this that the group Uf^y — — jc - + z '— leaves the 

(9/' r)A /)/ ^"^ ^-'' ''^ 

equation A/= j: — + v ^- + 3 -e^ = o unaltered. 
5-r 5j' 5^ 

Remark. — From the form of the condition [31 J it is obvious that 
if an equation Af= o is invariant under each of a number of groups 
U\f, U^f, ••-, UJ,'\X is invariant under Uf= a^Uif + a..U.,/ + ■■■ 
+ a^UJ, where a^, a.,, ■•-, a, are any constants. 

* Tf \{x,y.z) is identically zero, in other words if ( 6/^)/=o for all functions f, 
[31] is still a sufficient condition that Uf leave Af= o unaltered. In this case one 
cannot speak of the equation (92); but writing the identity (£/.-/)/= o in the form 
UAf=AUf, it follows that AU<l>i = a since UA<Pi = U(o) — o. Hence tV, is a 
function 0i and 0*2 as above. 

t Using the method of the previous footnote, it can be shown that a homogeneous 
linear equation in n variables is determined, to within a factor by its ff — i independent 
solutions. The argument of this section therefore applies without change to such an 
equation. Hence [31] is the condition that Af= o, involving n variables, shall be 

invariant under the group U/^ii ^+ii — -'r — +?„——■ In { 15 essentially the 
same method for the case of two variables was carried out. 
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Ex. Detennine which of the equations below are left unaltered 
by each of the following groups : 

dx dy dz 

2. Uf=y^^-x^l. 

dx dy 

3. U/=^^^ + {xy + xz-yz)f+{2xy-y')^. 

ax ay . dz 

4. U/^:c^+y^+z^. 

ax dy dz 

a. Af=x^ +y^ = o. 
ax ay 

dx ' dy ' dz 

dx dy dz 

35. Method of Solution of Linear Partial Differential Equation In- 
variant under a Group. — If the equation A/= o is invariant under 

[31] {UA)f=\Af, 

i.e. U/= o and A/= o form a complete system. Hence the methods 
of §§ 32 and 33 are available for finding one of the solutions of y^=o. 

• While iy= P(^,y, j)/4/'leave5 /</= o unaltered for all forms of P(-r,y, j), such 
a group is said to he trivial because it is of no service in solving Af= o. We shall 
presuppose that the group thunder consideration here is not trivial. 
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Having thus found <f>(x, y, z), a. common solution of Uf=o and 
A/=o, a second solution of A/=o may be found in the following way : 

Since 4>{~r, y, z) is not a constant, it must involve at least one of 
the variables, say z. Replacing s by the new variable 

the equation and the group take the forms ([15], § 11), 

A/= P(x, y, zM- + Q(x, y, 2)^=0, 
ox oy 

U/=i(x,y,2)^ + y](x,y,z)^, 
ax dy 

since A<f> = o and Ucj) = o. 

Here P, Q, |, t\ are what JP, Q, i, -q respectively become when in 
them 2 is replaced by its value in terms of x, y, z obtained from 
z = <f>{x, y, z). Here z plays the role of a constant since the coeffi- 
cients of — in A/ and Iff a.ie both zero. To solve A/=o we pro- 
ceed to the corresponding ordinary differential equation 
Qdx — Pdy = o. 

This is invariant under U/. Hence the methods of §§ 12 and 20 
may be employed. 

Remark. — When the usual Lagrange method (see El. Dif. Eq. 
§ 79) is practicable, it will, as a rule, prove simpler than the method 
of this section. As an exercise it may be desirable to solve the 
examples below by both methods. But the Lie method is of inter- 
est theoretically and may prove valuable when the other method can- 
not be carried out. 

Ex. 1. Af= 2 x\- ^ - 2 x'y ^+(f- x^z^= o. 
dx dy dz 

The coefficients are homogeneous and of the same degree. Hence 
this eeiuation is left unaltered by the group U/^x-^ + v~ + z^; 

r r , T-r A^ r .r OX ' dv Sz 

as a matter of fact, {UA)f= 2 A/. -^ 
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By the method of § 32 or that of § 33, -^ is readily found to be 

Z' 

the common solution ol Af =^ o and Uf-=o. 

The transformation z = ^ reduces A/=o and d^to 

A/= 2 xy-^- 2 j)^' / = o and Uf = x^ -{-y -f 
ox ay ax ay 

respectively. The corresponding ordinary differential equation is 

2 x^y dx-\- 2 x^ <iy = o. 

Lie's integrating factor (or the obvious integrating 

2xy{x'+f) \ 

factor — ) leads at once to the solution x? -\- ^ = const. Hence two 
xyj 

independent solutions of Af =^ o are -^ and :^ -\-y-. 

Sr 

Ex. 2. Af={x^+f+yz)^^+{x'+f-xz)%+{xz+yz)%=o. 
ox ay az 

Ex.3. A/={x+y)^+{x+y)^-{x+y + 2z)^^=o. 
ax ay az 

Invariant under Uf=.{x+y)^-\-(x+y)-^+2z-^. as well as 

ax ay az 



nni^.Uf^x^^+y^{- + zf\. 
ax ay az J 



Ex. 4. ^/=(;cz-j#+(vz-:c)|^,+ (i -^)|^=o. 
ax ay az 

Invariant under Uf=x^ +y-r- V 
ax ay J 

36. Jacobi's Identity. — For further development of the theory it 
will be necessary to have available a certain identity first noted by 
Jacobi and known by his name : 

If Aif, A<if, A^f are three homogeneous linear partial differential 
expressions in any number of variables, 
(93) ((^,^,)^3)/+ {{A,Ai)A^f+(iA^A,)A.^f= o. 
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This may be verified directly in the case of three special forms, 
and also in the general case for two variables. This is suggested as 
an exercise to the student. 

Probably the simplest way to prove the theorem is the following, 
due to Engel : 

Since (AiA,)/ = A^Aif— A^Aif, 

{{AiA^A,)/= A^A^A,/- A^AiA-J- A1A1A3/+ A^AiAJ, 
{{A,A^)A,)/= A,A,At/- AiA^A,/- AsA,A,/+ A.A^A^, 
((A3A^)A2)/= A^AyA^f- A,A^J- AyA^A,f+ A^A^AJ. 

The sum of these is obviously identically zero. Hence the identity 
(93) is established. 

37. Linear Partial Differential Equation Invariant under Two 
Groups. — If the equation ^/=o is invariant under two distinct* 
groups Uif and Utf, 

[31'] (U,A)f=\,Af, {U,A)f = \^/. 

Jacobi's identity (93) for Ui/, U.,f, Af is 

{iL\ U,)A)/ + (( U,A)U,)f + {{A U,) K)/ = o. 

Using [31'] and obvious properties of alternants (§14), this 
becomes ((C/,C/,)A)/ ^^A/, 

where fx, = U1K2 — ^>K- Hence the 

Theorem. — /f Af — o is invariant under U^f and U.,f, it is also 
invariant under {U^U^/.^ 

* Two groups Uif and U.^f are said to be distinct with respect to the equation 
Af= o, provided no relation of the form 

(94) ai^l/H-a-2^2/+^(^.>'. 2).-f/'=0 

exists, where a^ and ag ^re constants and p is any function of the variables. For it is 
obvious that il (J^f leaves Af = o unaltered, If-if^^cU^f-^-pAfv/iW alBo do so for ail 
choices of the constant c and of the function p{x,y, z). 

t This theorem holds, and is proved in exactly the same way, for n variables. 
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If (61 C/,)/ is not of the form 
(95) a^UJ + a^Uif + s>{x, V, z)Af, 

where a^ and a^ are any constants and p is any function of the vari- 
ables, it is said to be distinct from U\f and U^f with respect to the 
equation Af = o. In this case the theorem gives a new group under 
which the equation is invariant. The theorem may then be applied 
to this new group and one of the original ones. And so on. 

Retnark. — It is important to note that there always exists a linear 
relation between four homogeneous linear partial differential expres- 
sions of the first order in three variables.* For eliminating -J-. ■' , 

dx dy 

-^ from the four identities 
dz 

ox ay oz 



OX oy oz 



t4/ = C3 T^ + "JS ^ + 43 J- , 

ax oy dz 



"-f-^-fM-^i 



the linear relation 



UJ i, ,. C, 

U'J ii r]> ^2 

^s/ is Vi £1 

<yj ii V* ii 



is obtained. In general the coefficients are functions of the variables. 



* Similarly, there is always a linear relation between n + i such expressions in n 
variables. 
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As a consequence we always have 

(96) {UyU^)f= a,(x, y, z) UJ+ ih{x, y, z)UJ+ p(x, y, z)Af. 

If it turns out that «, and Oj are constants, this is of the form (95), in 
which case (JJJJi)/ \i not distinct from U-iJ znA Uif. 

Thus the equation Af=^ + ^ + ^= o is left unaltered by 
dx Sy 3z 

t/,/=(>.-s)|^and U^f=x"-^ + x'^^^ + i2xy-y^)^, 

ay dx dy oz 

since ( UiAY=Q, ( UiA)f= - 2 x Af. 

Moreover ( Ui U.,)f= -{x- yY^ + z{y - z){x - y)^ 

dy 32 

also leaves Af=. o unaltered, since {(^UiUz)A')f~:0. It is readily seen that 

y — z X — y X — y 

Again 

by 52 

also leaves Af = o unaltered, as is readily verified. And so on. 

38. Methods of Solution of Linear Partial Difierential Equation 
Invariant under Two Distinct Groups. — Two important cases are to 
be distinguished : 

A. If a relation of the form 

(9 7) U,f= ,t{x, y, z) UJ + p{x, y, z)Af 
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exists,* where a is not a constant, U^f is still considered distinct from 
Uif. In this case a{x, y, z) is a solution of A/= o. For, since 
■4f— o is invariant under 62/] (62^)/" must be a multiple of A/. But 

(a U, + pA, A)/= ,t( U,A)/- Aa UJ- Ap Af 
= (aX, - Ap)A/-Aa UJ. 

Since Uxf is supposed to be not trivial, i.e. not a multiple of Af 
(§ 35), the only way in which (62-4)y'can be a multiple of Af is by 
having Aa. = o. Hence a. is one of the two independent solutions 
of Af= o to be found, f 

To find a second solution of Af^ o, several possibilities may arise 
which will be mentioned in the order of desirability : 

1° Since Af= o is invariant under U^f UiU is also a solution of 
Af=o [(91), § 34]. If Ui(t turns out to be distinct from a, it may 
be taken as the second solution necessary to give the general solu- 
tion of Af= o. 

2° If UiaX is a function of a or a constant other than zero, two 
methods are possible : 

» A linear relation between A/, U-^f, U^f will show itself by the vanishing of the 
determinant of their coef&cienis, thus 





P Q 


R 






A = 


fa 172 




= 0. 




Qh-K^ 


h. r^laz: 


-Ph 


Pni- 


-oh 



Here a= 

(Pfi-A-li Rh-Pix P^x-Qh 

+ Conversely, if oc is a solution of A/=o and f/i/is a group that leaves the equation 
unaltered, 
[35] U.:J=aU^f+ pAf 

will also leave it unaltered no matter what be the form oi p{x, y, z). For 

( U^A)f= {SHU, + p.4, A)/= ia\i - Ap)Af. 
since Aa=o. [Compare (35) § 17.] 

J Since W; « = « f^i « + pAa =a i^i ft, it is sufficient to consider U^a only. 
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(a) The solution common to^/=o and Ui/=o (or U'i/=o) 
may be found by either the method of § 32 or that of § 33. Since 
Uia ^ o, this common solution will be independent of «. 

(fi) Since « must contain at least one of the variables, say z, the 
introduction of the new variable z = a {x, y, z) in place of s reduces 
Af^ o to one in two variables, 

ox ay 

z appearing as a constant since the coefficient of — is zero. (Com- 

Qz 

pare § 35.) But ^ince U\a^ o, the above equation must be inte- 
grated, without any further assistance from the groups f/,y and U^f. 
3°. If UxO- = o, the method of § 35 is available ; thus the intro- 
duction of the new variable z gives the same differential equation as 
above, but now the transformed group 

under which it is invariant also leaves z unaltered. Hence the 
methods of §§ 12 and 20 are available for solving the corresponding 
ordinary differential equation 

Qdx — Pdy = o. 

B. If no relation of the type (97) exists between Af, U^f, U>f, 
the relation 

(96) ( 6^1 Ui)f = «! (x, y, 2) ^7,/-|- tta {x, y, 2) ty-f p (x, y, z)A/, 

which always exists (Remark § 37), will prove of service if «i and «, 
are not both constants ; for oti and a^ are solutions of A/= o, as may 
be seen from the following consideration : • 

* By exactly the same kind of reasoning as that employed here, the following gen- 
eral theorem can be established. (It is suggested that the student carry out the proof.) 
//'tAe equation in n variabUs 
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By the Theorem of § 37, ( f/, f^)/ leaves Af=. o unaltered. Hence 

(iU,U.?)A)f=^Af. 
But 

(«i U^ + a, U, + p^, A)/= «i( £/;//)/+ «,( t/^^)/- Aa, UJ 

-An.j,UJ-ApA/ 

= (ojX, + (tjAj — Ap)A/— Aui U-J— Aa., U.J. 

Since no linear relation is supposed to exist between Af, UJ, U-xf, 
the only way in which (( fi U-^A)f can be a multiple of Af is by 
having ^«, = o and ^0.2 = 0. Hence cti and a.^ are solutions of 
Af= o* 

1° If «, and a.^ are two independent functions of the variables, the 
general solution of A/= o is known without any further work. 

2° If one of them, say a , is a function of the variables, while the 
other, «2, is either a function of «] or a constant, use may be made of 
the fact that C/ia, and Kre, are also solutions of A/= o [(91), § 34J. 
If either of these turns out to be a function distinct from a,, it may 
be used as the second solution. 

A/= P, M. + P., ^^^ +-+/'„ ^-^ = o 

is invariant under r+ I distinct groups U^f, U.,f, ■■■, f-'r+l/l and if no linear relation 
oftkety-pe ^, f/,/+ ^,«^+ ... + ^. f/./+p.^/=o 

exists between Afand r of the Ifs, but 

l'r+if=ai(/J+(H'^if+ - +araf+p.V. 

then a\, (t-i. ■■■, «r are solutions of Af= o. 

* The student should have no difficulty in showing that, conversely, if n, and a., 
are solutions of Af= o, and f/,/and £/,/are two groups that leave the equation unal- 
tered, the group 

[35'] vj-^ u^ Uif+ a.2 a,/+ pAf 

will also leave it unaltered no matter what be the form of p(x,y, 2). (Compare [35] 
above.) 
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3° If both i/iOi and tt«,* are either functions of «i or con- 
stants, either of the methods (a) and (/>) of A, 2° may be employed. 

Or, 

(a) if one of UiUi and [/^i is zero, the method of A, 3° is 
available, 

((5) if neither is zero, the group ^7^= UiOCi^/,/— UxO-xU.J' leaves 
Af= o unaltered, and Vui = o ; hence case (a) exists. 

4° If both tti and a, are constants, say a^ and a^, the solution com- 
mon to A/= o and Ui/= o, and that common to ■^/= o and 
C4y=o may be found by either of the methods of §§ 32 and 33. 
Moreover, these solutions will be independent since there is no 
linear relation connecting ^y, O^f, i/>/. (Theorem II, § 31.) We 
shall show, by a method due to Lie, that an integrating factor for at 
least one, and sometimes for both, of *he total differential equations 
arising in the method of § 33 can be found in this case. (But it is 
possible, at times, to find by inspection, an integrating factor that is 
simpler than the one given by the following method) : 

In { Ui (72)/= '^1(^1/+ O2U1/ + P A/ either a^ and a^ are both zero 
or they are not. 

(a) If fli = flj = o, ( [/i Ui)f= pA/. 

Since Af— o is invariant under U2/, 

{U^)f=\2Af. 
If <^{x, y, z) is the common solution o( A/= o and l7i/= o, 

Ui C/«<t> = o, since ( Ui K)"^ = ^1 ^<^ — ^ ^i<^ = pA<l> = o; 

A K<^ = o, since ( [/,A)<ji = U^Atft — A U2<i> = X^Ai^ = o. 

These identities can hold only provided U^fi) is a solution of both 
t/^= o and Af=o; i.e. U^.'^ must be a function of <^, say ^(</>). 

* In this case ( U^ C^)ai will also be a function of U.^ or a constant, including zero, 
because of (96). 
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Moreover -F{<f>) ^ o, for, as noted above, A/= o, Ui/= o, Uif= o 
cannot have a common solution, since they are independent. As 
was done in an analogous . case in § 12, <^, the common solution of 
Af=^ o and 1/^/= o, may be chosen in such a form that Ui<^ = i . It 
must then satisfy the three equations 

dx by dz 

£4<^sff* + ,.|* + z;,^ = o, 

ax ay dz 



ox ay 



.4^=1. 
dz 



These equations determine -^, -~, -^ ; whence <^ is obtained from 

ax ay dz 



dx dy dz 



by the quadrature 

<!> = 



dx 


dy 


dz 




P 


Q ^ 


p 


Q 


R 












, where A = 


^1 


Vi Ci 


i. 


Vi 


L 




& 


V2 4 




A 







In exactly the same way, i/f, that form of the common solution of 
A/:= o and Uif=o for which t^,i^ = — i, may be obtained by the 
quadrature 



■A = 



J 



dx 


dy 


dz 


p 


Q 


R 


f. 


V2 


4 



The determinant A is thus seen to be an integrating factor for each 
of the total differential equations arising in the method of § 2ii for 
finding the two independent solutions of A/= o. 
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(d) It only one of flj and a, is zero, let a^ = o. Then 

{[/,&';)/= a,l7J+p J/. 

In precisely the same way as before, it is seen that, if 4 is the 
common solution of ^/ = o and Ui/ ~ o, U^ = ■/'X^) ^ o- Hence 
that form of ^ for which U-/^ s i is given by the quadrature 



'■Jt 



dx 


dy 


dz 


p 


Q 


R 


il 


Vi 


I. 



To find a second solution of Af = o, independent of <^, either the 
method of A, 3° may be employed, or the common solution of 
Af = o and U-^f =■ o may be found by one of the methods of §§ 32 
and 33. 

(r) If both ai and ^2 are different from zero, consider the two 

groups V/ = a, I7i/ + a^ a/ und U-J. 

These are obviously distinct and leave ^y"=o unaltered. More- 

We are thus under case {b) and the method for that case may be 
employed. 

Note. — For practical purposes it may be worth noting, that the 
choice of the groups Uif and V/ s a^ U-^f -f lu U-J also leads to 
case {U). 

Remark i. — A hasty survey of the processes involved in the 
methods to be employed in the various cases considered in this sec- 
tion, brings but the fact that when two distinct groups are known 
under which the equation A/ = o is invariant, the solution of the 
latter can be obtained by means of quadratures only, except in the case 
of A, 2°, where one ordinary differential equation of the first order 
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must be solved. In certain cases, such as A, 1° and B, 1° and 2°, no 
integration whatever is required. In the above scheme, certain alter- 
native methods involving the solution of differential equations have 
also been suggested, for in certain cases these i)rocesses may prove 
simpler of execution than those involved in carrying out quadratures. 
Remark 2. — It is easy to prove the existence of a pair of groups 
Uxf and U^f under which Af = o is invariant, and for which no 
linear relation of the form (97) holds. For Af ^ o has two indepen- 
dent solutions <^i and i^j. These are independent with respect to 
at least two of the variables, say x and y. Introducing the new 

variables . / \ j / n 

X = (^i(x, y, z), y = <^o(x, y, z), z = z, 

Af = o takes the form 

Af^Ax^^Ay^-f+Azf^o, 
ax ay az 

or ^ = o. 

dz 

By inspection Uif = — and U^f = -J- are seen to leave the differ- 
ax ay 

ential equation unaltered. Moreover there is obviously no linear 

relation between — , -^, — • Passing back to the original varia- 
ax ay az 

bles, ^4/"= o will be invariant under the groups f/j/and 6^,/into which 

Uif and U.,f are transformed, and no linear relation can exist now. 

Ex. 1. Af = (x +y) ^+(x +y) ^- {x+y+2 z) f = o. 
ax ay dz 

This equation is invariant under 

[/,f = z(x +yf -£+z{x +yf^I+l{xy + 2 z'){x +;•) + 4 ^J^]^, 
as may be verified easily. 
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H ere A s o, and U.J = {yz + zx + xy) Uif — xyAf, (A). 

.'. yz-\-zx -\- xy is a solution of Af^ o. 

Moreover U■^{yz + zx -\- xy)'^i^{yz-\- zx-\- x)>) + (x—}'f is also a 
solution (A, 1°). 

Taking account of the first solution, the second one may be 
replaced by x — y. Hence the general solution of A/= o is 

$(_).'z -\-zx ■\- xy, x — y)= o. 

Ex. 2. Af= (xz -,v)f^ + (j'^ - ;c) 1^ + (i - z^ ^ = o. 
ox ay az 

' This equation is invariant under 

l7J=x^+yf^nd 
ox ay 

[/J=(.x^+v"-)^ + .xyf-y(i-z^f. 
ox oy az 

A = o, and UJ={x-\-yz)UJ-yAf. 

.". X +yz is a solution of Af ^ o. 

Moreover U^ix +yz) = x +yz ^ o (A, 2°). 

To find the solution common to A/=o and [/^/=o the method 
of § 33 requires the solution of the total differential equation 

7(1 — z^dx — x(i — :^tfy +(y' — xr)dz = o. 

An obvious integrating factor is —5 -, leading to the 

solution ^-^ ^^ ' 

Iogf^±21±fA = ,^„,/. 
\x — y I — r 



-z_ 

X -\-yz-\-y + xz 
X +yz — (y + xz) 



= const. 



The left-hand member of this is, therefore, a second solution 
of^/=o. 
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Taking account of the first solution, the second one may be 
replaced hy y + sx. Hence the general solution o{ A/=o is 

9(x -\-yz, y + zx) = o. 

Ex 3. Af={x+y)^I+{x+y)%~{x+y+2z)^^^o. 
dx dy az 

UJ^ (x +y)^ + (^ +^)g + 2 z g . 
[/J=(x-y)(x+y+4z)f^- 

Ex. 4. ^/=(:c+y)^+(x + y)^-(x+y + 2z}^=ro. 
ox dy az 

U.J^x%-+y^-L^z^- 
OX dy dz 

Ex 5. ^/^l^ + l^ + f = 0. 
ax ay az 

UJ^{y-zfl. 
dy 

Ex. 6. A/=(xz-y)^ + (yz-x)f + (i-z^^=o- 
ax ay dz 

UJ^y'U^. 

ax dy 



CHAPTER VI 

ORDINARY DIFFERENTIAL EQUATIONS OF THE SECOND 

ORDER 

39. Differential Equation of the Second Order Invariant under a 
Group. — The differential equation of the second order 

(98) y" = -Fix; y, }•') 

is equivalent to the system of equations of the first order * 

(99) r^ = ^= '^ 

If the solutions of the latter are 
(100) u{x,y,y)=a, i<{x,y,y') = l>, 

the solution of (98) may be obtained by eliminating y' from the two 
equations (loo).t 

Instead of solving (99), one may find u and v as two independent 
solutions of the corresponding linear partial differential equation % 

(loi) Af^^f +y % + F{x, y, y') ^ = o. 

ox ay dy 

The problem of solving (98) is thus reduced to that of finding two 
independent solutions of (loi). 

If (98) is invariant under a group C//, the equivalent system (99), 
involving the three variables x, y, y', is invariant under the extended 

• EL Dif. Eg. § 68. 

tThe equations (loo) are two independent first integrals of (98). (See §52, 
Theorem IV.) t ■t''- Dif. Eq. \ 79. 

«34 
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group U'f. The effect of U'f on u and v js, therefore, to trans- 
form them into some functions of themselves ; i.e. U'u = <^(//, »), 
I7'7i = t(/{7j, v). Hence the linear partial differential equation (loi) 
having u and v for solutions is also invariant under U'/{% 34). 
Consequently the method of § 35 may be employed to find u and v. 

Remark. — Since the invariance of (98) under Uf implies the 
invariance of (loi) under the extended group, and conversely, it 
follows from the remark of § 34 that if (98) is invariant under each 
of a number of groups Uif, U^f, ■■■, U,f, it is invariant under the 
group Uf=a^Uxf-\-a.iUif-\- •■■ + a,U^/, where a,, a.^, ■•■, a, are 
any constants. 

This remark applies without modification to a differential equation 
of any order, because the form of the condition [31], § 34 is inde- 
pendent of the number of variables appearing in the linear partial 
differential equation A/= o. 

Ex. 1. xyy" + xy'- —yy' = o. 

This equation is invariant under £^= -^ » + "J , fo'' ^"7 value 

dx ay 

of n (VI, § 28). In particular it is left unaltered by U/^^ ■^a'^^a' 

Here 4/^ f + y^f + yO'- ^-V') j(^ o. 

ax ' ay xy ay 

C/'/^x^£+y^^. ( C/'A)/^ - Af. 

For the method of § 32* use may be made of the fact that 
7/ s =^, ?' s v' are solutions of U'f =■ o. 

X 
* The method of ^ 33 requires the solution of 
dx dy dy' 

y( y-xy') 



' ^y 



y 



o, or 0'-:r/)(-^'''^+-!^''-'' + <//)=< 



The evident integrating factor ? lends to the solution -'^'- = const. 

y\y—xy-) j^ 
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A-' xy All y u 

Equation (86), § 32 is ^.^-I^^q. .-.F^uv^^-^- 
di( u dv -T 

Introducing the new variable 



J I'v' 1 I xi/ 

y = - -- , whence y = — ^ , 



ax y ay ax ay 

xr'y'—y^ or xyy' —y^ is readily found to be the solution. 

rv' 
Eliminating/' from ^^- = a and xyy' — y = 6 gives 

X 

ax' — _)i^ = ^ 

as the solution of the original equation. 

Compare this method with that of § 27 or of § 28, I', Remark. 

Ex. 2. yy"+y''-= i. 

Since X is absent, this equation is invariant under 6^= — - 
(I', § 28). Here ^* 

ox oy y ay ax 

By either of the methods of §§ 32 and 33, the solution common to 
A/= o and U'f^ o is easily found to be jcVi —y''- 
Introducing the new variable 



y' =_j'Vi —y'-, whence y' = ^^ —, 

y 

dx y dy ' dx' 
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The corresponding ordinary differential equation 

Vf-y'" 



has for solution x — V)"^— y'^ = const. Passing back to the originnl 
variables this becomes x — yy' = const. Eliminating^' from 



y^\ — y^ = a and x —yy' = b, 

gives as the solution of the original equation 
f-(^x-hy = a-. 
Ex. 3. y =y^ +1. Ex. 4. x^yy" + {xf - yj = o. 
Solve examples of § 28 by the method of this section. 

40. Differential Equation of the Second Order Invariant under 
Two Groups. — Since, if the two groups Ui/ and 62/ leave 

(98) y' = J'ix,y,y') 

unaltered,* the corresponding partial differential equation 

(xoi) 4/^| + y|+^(.,,,y)|;=o 

is invariant under the extended groups Ui'/ and 62/, the methods of 
§ 38 may be employed to solve (98). 

Ex. 1. xyy" + xy'^ —yy'=zo (Ex. i, § 39). 

This equation is invariant under U-^f= x -^ +^'7- ^n^^ U^ = y ^• 

Here A/ = -f- + y' ^ ^--'--^ ^^^, = 0. 

•" dx -^ dy xy dy' 

•Then (98) is also invariant under U/=a^Uif-\- a^W.,/ (Remark, § 39). It is 
possible that Uf may assume simpler forms than 1/^/ or U-if for certain choices of 
the constants a^ and a.^. 
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, y'iy-xy') 



§40 



A = 



I y 

X y 
o y 



xy 
o 



= 2y'{y- xy')mo. 



{U^Ui)f=o. 



Hence the method of B, 4, (a), § 38 applies. The solution com- 
mon to Af= o and U-lf= o is 



•■I 



{fx dy dy' 

, y'(j-xy') 



I y 
X y 



xy 
o 



= J_^+^ + f=,og^->'' 



X y y 



The solution common to A/= o and U^= o is 
dx dy dy' 

I y y(>-V) 



"/' = 



J 



o jv 






\^ 



^ \^ — xy ^y jcX^- — xy^ y\ 



\y - xy') 



= log 



xi^y-xy'Y 

The general solution of the original differential equation of the 
second order is found by eliminating y' from — = a and 
-^ — T-^-^ = <5 to be ao(? ~f = c, where c = ab. 

y 

• The method of § 32 is also available for finding these common solutions. 
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Ex. 2. y" = P{x)y' + Qix^y + X{x). 

If j=j'i and v=_y2 are particular solutions of the abridged linear 
equation y" = py -\- Qy, the general linear equation is invariant 

under U-J=y^^ and C4/=j2 1^(§ 28, VII, Note). Here 

where y-l and jj' stand for -2y and ^^ respectively. 
dx dx 

l^=y\yi —yiy-l ^o, since the two particular solutions are sup- 
posed to be independent. 

{U^U.I)f=o. Hence method of B, 4°, {a), § 38 applies. 

Since y = yi and y =y2 are solutions of the abridged linear equa- 
tion, ^, „ _ ^^, , ^ ^^^ ^^^ ^,^„ ^ ^^, , _^ ^^^ 

whence /^^ JiJ'^" -^^V = A;^ Q^.y.'.>V' -J'l'W. 



Introducing these values in the expression for the solution com- 
mon to Af= o and U-^f= o, 

\dx dy dy' 

y Py'+Qy+X 



Jt 



p j'l yl_ 



we have 

]dx-yj'Ady+yiAdy' 
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Noting that - v, Xj'j'j'i" — ,Vi[;'2") = — ;'i"j''^+ Vi>A', the first quad- 
rature is readily effected, thus giving 

y\yi - y-^yi -^ yo'i -yo'i 

Similarly, the solution common to A/= o and Uif= o is 

^^ y.y'-y-ly _ C_jj^ — ^^. 
y-jx - ;'ij>'2 -^ y-iyi - y\yi 

The general solution of the original equation is found by eliminat- 
ing y' from <f> = C2 and i// = (Tj to be 

y = ^1 J'l + '^2j'2 -yi I 7^^ , ^x+y. j JJ , dx. 

Note. — It is an interesting fact that this form of the solution is 
exactly that obtained by the method of variation of parameters 
{El. Dif. Eq. § 49) from the complementary function _y= Cj^'i -|- c^y^, 
as may be easily verified. 

Ex.3. f=Py'J^Qy. 

This equation being homogeneous in y, y', y", it is invariant under 

I7i/=y — {ll^, § 28). Moreover, \{y=y^(x) is a particular solution, 

3y Qf 

the equation is also invariant under U2f=\\-^(^ 28, VIII, Note). 

'ay 

Hera ^/^g+y|+(^.+ 0)|.„, 

^■^-^|+''|' • 

A =yy-: -y'y, ^ o, ( U^ Ui)f= - Ulf. 
Hence the method of B, 4°, (b\ § 38 applies. 
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The solution common to Af-=o and 1/2/= o is given by that 
method in the form 



*-/ 






Replacing Qy^ by its value y" — P^y-l, this quadrature is readily 
effected, giving 

«A = - log(7Vi - yy{)+^Pdx. 

A more convenient form for the solution is 

e-^ = * =e~^'"'\y'}\-yy:). 
To find a second solution of Af = o, introduce the new variable 
y' = ^-J'""(r'r,- vv/), whence/ =- ''''■ + ^ "^ , 
and A/ = o takes the form 

dx y'l dy 

The corresponding ordinary differential equation 

dv_x:l _i^^=o 

dx yy y\ 

is linear with the obvious integrating factor — • Its solution is 

yi 

<- — y' I dx = /rofis/. 

y\ -J Jf' 

* Here y' appears as a constant, {^^35). 
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The general solution of the original differential equation is found 
by eliminating y' from 

* = « and < * ) (fx = b 

yi '^ y^ 

rJ'"" 

to be y= a}\ I dx + bvi. 

Note. — This is the same form of the solution as is given by the 
usual method {El. Dif. Eg. § 53, 1°). 

Ex. 4. xv"+y==i (Ex. 2, § 39). 

This equation is also invariant under Uf = x -r-- 4- v / • 

o.v ' ay 

Ex.5. y'=y=+r. 

Since x and y are both absent, two available groups are 

Ex. 6. jTvv" — (jTv' —v)^ = o (Invariant under VI for all values 
oi n , hence under III, III', IV, etc.). 

Ex. 7. {x'+f)y"+2{y-xy'){i +y'') =0 (Ex. 2, § 28). 

Ex. 8. x-y" + x-y — 2 xy' + 2 = o. 

This equation is invariant under I and III'. 

41. Other Methods of Solution. — By making use of the properties 
of what Lie calls r-parameter groups of infinitesimal transformations 
(§ 43) the method of solving a differential equation of the second 
order invariant under two groups can be modified so as to be con- 
siderably simpler both as to the number of cases to be distinguished 
and as to the actual processes involved in obtaining the solution. 
A brief study of these groups will be made in this chapter, leading 
to the methods of solution in §§ 46 and 47. 
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42. Number of Linearly Independent Infiniteamal Transforma- 
tions, that Leave a Difierential Equation of the Second Order Unaltered, 
Limited. — Since a differential equation of the first order always has 

an integrating factor, in general, {El. Dif. Eq. § 5) it is left unaltered 
by an indefinite number of infinitesimal transformations, the general 
expression for whose symbols involves two arbitrary functions (§ 15). 
On the other hand, a differential equation of the second (or higher) 
order is, in general, not left unaltered by any infinitesimal transforma- 
tion (see Note IV of the Appendix), although some of them are. 
We shall prove the 

Theorem. — A differential equation of the second order cannot he 
left unaltered by viore than eight linearly independent* infinitesimal 
transformations. 

Suppose that the equation 
(98) f = F{x,y,y^) 

is invariant under the nine linearly independent infinitesimal trans- 
formations U-if, U^f, •••, U.J', it is also invariant under 

(102) Uf=a,UJ-+a.,aj+ - ^a,UJ=i^-f + r,^- 

ax oy 

for all possible choices of the cdnstants <Zi, a^, •••, flg (Remark, § 39). 
It is a well-known theorem in the Theory of Functions that, in 
general, a unique integral curve of a differential equation of the sec- 
ond order and first degree (98) passes through two points, lying 
within a definite region determined by (98). Suppose that /\, /j, 
P3, /\ in Fig. 5 are four points such that each of the six pairs that 
can be formed of them determines a distinct integral curve of (98). 
The nine constants aj, a,, •••, a^ can be so chosen that (102) leaves 

* A set of infinitesimal transformations Ui/, U^f, •••, f r/is said to be linearly in- 
dependent if there is no linear relation, with constant coefficients, connecting their 
symbols; i.e. if it is impossilile to find a set of constants c^, £■-», •••, Cr such that 

CiUi/+ C^a^/Jr - + CrUr/=0. 
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each of these four points unaltered. For, if their coordinates are 
respectively (^1, ,Vi), (x^, J2). i^s, JVs), (•*<, J'*), the requirement for this 
is the simultaneous satisfaction of the eight equations 



0'= I, 2, 3, 4.) 






These equations determine finite values of the ratios of eight of the 
a's to the ninth one (excepting possibly for peculiar choices of the 

four points, which can be avoided) 
because of the linear independence of 
the nine transformations. 

With the a's thus chosen, the trans- 
formation (102) leaves the four points 
^1, P^, F3, Pi unaltered and, therefore, 
also the integral curves determined by 
any two of the points, since integral 
curves are transformed into integral 
curves by a transformation which leaves 
a differential equation unaltered, and the four points were so chosen 
that through any two of them passes a unique integral curve. Thus 
through each one of the points, e.g. through P^, pass three of these 
invariant integral curves. The point Pi on these being left unaltered 
by (102), their slopes at this point, which may be designated by y^^', 
j'13', yu, respectively, are also left unaltered by it. Hence if r) is the 

coefficient of -^ in the extended transformation corresponding to 

(102), it follows that 

(X03) ,=_2+(^J__j,,-_,, =0 




for x = xi, y=yi, y =yv!j y-iS} yu- Letting a, b, c be the values 
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of -2. -:^ — ^—. —-:- respectively when x = Xi, v = Vi, (103) gives 
ox dy ax' ay 

the three relations , i t , i!> 

<^ + h'l2 + 0'l2 = O, 

a + fyis + O'ls" = o, 
a + /^.Vh' + O'li"' = o- 

Since the determinant of the coefficients 



I yvl Vis'- 



= ( J'13' - J»') ( W - jW)(J'i.' - J13') 



is different from zero, a = /> = c = 0. Hence -ij' = o for every integral 
curve through /'i, whence every integral curve through P^ is invariant* 
under (102). 

In exactly the same way it can be shown that every integral curve 
through each of the other points /«, P^, /< is left unaltered by 
(102). 

If P is any fifth point in the region containing Pi, P^, P3, Pt, it 
will lie upon at least two f integral curves each of which passes 
through one of those points. These integral curves being invariant, 
the point P is left unaltered by (102). In this way every point 
of the plane (with, perhaps, exception of certain points determined 
by the differential equation) is found to be left unaltered by (102). 
The latter must therefore be identically zero ; i.e. • • 

ai(7J+a.,Uif+ ■■■ -^a^U.J=o. 

* This follows from the fact that a unique integral curve of a differential equation 
of the second order is, in general, determined by the conditions that it pass through 
a given point (x,y) and have a given slope j' at that point. 

\\i P does not he upon any of the six integral curves determined by the four points 
(which is the general case), this number is four ; it is three if P is on one of these 
curves, and two if it is at the intersection of two of them. 
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Hence any nine infinitesimal transformations which leave a differen- 
tial equation of the second order unaltered cannot be linearly inde- 
pendent. This proves the theorem. 

The differential equation jv" = o is a simple example of an equation 
that is left unaltered by the maximum number of infinitesimal trans- 
formations. For, since its integral curves are the straight lines of 
the plane, y = a.x + b, it is left unaltered by every projective trans- 
formation ^^_^^a^x±a^y + a^^ ^4^^ -|- «.- , V + «« . 
a-x -f a^y + a.j ' ^ a-,x -f- a^y -\- a^ 

In Note VI of the .Appendix it will be seen that there are eight 
linearly independent infinitesimal projective transformations. 

Remark. — In the case of a differential equation of higher order 
than the second, the following theorem holds : A differential equation 
of the nth order (?i > 2) cannot be invariant under more than n + 4 
linearly independent infinitesimal transformations. A proof of this 
theorem may be found in Lie, Continuierliche Gruppen, pp. 296-298. 

As in the case where « = 2, a differential equation of order « > 2 
is in general not left unaltered by any infinitesimal transformation. 
On the other hand the differential equation y"' = o, « > 2 is 
invariant under each of the n -f 4 transformations (Examples, § 26) 

%, ^I, .^Ly%^ Jf, ^^1 ...,.-^, :^^l^in-.yy^l. 
ox By dx ay dy By dy dx By 

43. r-parameter Group of Infinitesimal Transformations. — Start- 
ing with a set of infinitesimal transformations U^f, U^f, •••, U^f, the 
infinitesimal transformations, whose symbols are obtained from these 
by applying the alternating process to them in pairs, may or may not 
be hnearly independent of them. 

Thus, if Uxf=%, U-2f=^^, U,f=x^^, 

Bx ' By Bx 

the transformations ( Ui U2)f= ^, {UxUi)f=2.x % , {U-iUi)f=-x''^ 

ay ox Qy 

are all independent of them. 
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On the other hand, if 



the transformation 



while 



( U; U,i)f= x^ -{x+y)^ K independent, 



Finally, if U.f^J£-y%, a^^.f^, U.^yf^, 

none of the new transformations are independent of them; for 

The case where none of the new transformations are linearly inde- 
pendent of the old ones is of special interest. If ; linearly inde- 
pendent infinitesimal transformations C/i/, U^f, •••, U^f have the 
property 

(104) {U,U,)/= a,^,UJ+ a,,,U,f+ - + a„,UJ, {i,J= 1, 2, - r), 

where the a's are constants, the aggregate of these and all the trans- 
formations [//= 'T-\U\f -^ aJJ..f -\- ••• -h a, ^r/ where these a's are 
any constants constitute an r-parameter group of infinitesimal trans- 
formations* 

Remark i. — An r-parameter group of infinitesimal transformations 
is determined by any r of its transformations which are linearly inde- 
pendent, since the symbols of all its transformations can be expressed 
linearly with constant coefficients in terms of any r independent ones. 
Moreover it is readily seen that any set of r linearly independent 
transformations of the group have the property (104). 

* In Note VI of the Appendix an r-parameter continuous group containing both 
finite and infinitesimal transformations is defined. The intimate relation between these 
two classes of groups is brought out in Lie's Principal Theorem at the end of the Note. 
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Turning our attention now to the transformations which leave a 
differential equation of the second order unaltered, we shall first prove 

Theorem I. — If a differential equation of the second order is in- 
variant under U^f and U-if, it is invariant under ifJ-JJ-^f. 

For, if U-J' xs\A 62/ leave 
(98) f = F(x,y,y') 

unaltered, the extended transformations Ulf zxxA C^y leave 

(loi) 4/s|^ + yg + ^(^,;.y)|Z = o 

unaltered. By the theorem of § 37, {U^U-Df ox its equal {UiU^f 
(see Note V of the Appendix) leaves Af = o unaltered. Hence 
Theorem I follows.* 

In § 42 it was established that the number of linearly independent 
infinitesimal transformations that leave any differential equation of 
the second order unaltered is limited. If in the case of a given 
differential equation this number is r, all the infinitesimal transforma- 
tions leaving the differential equation unaltered are linear functions, 
with constant coefficients, of any set of r linearly independent ones 
UJ, af ■:, UJ. By Theorem I (t^-C/-)/, for /,/= i, 2, •••, r, 
must also leave the differential equation unaltered. Hence they, too, 
are linear functions with constant coefficients of the set U-^f, U^f, ■••, 
af. The latter therefore have the property (104), and we have thus 
established 

Theorem II. — TTie aggregate of all the infinitesimal transforma- 
tions leaving a given differential equation of the second order unaltered 
constitute an r-parameter group. Here o<"r<8.t 

* This theorem is true for a difforenlial equation of any order, and is proved in the 
same way. 

t The same theorem is true for a differential equation of the K-th order, where « > 2. 
In this case o < r < k + 4. 
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It is possible that a smaller number than r, say s, of linearly inde- 
pendent infinitesimal transformations in an /--parameter group deter- 
mine a group ; the latter is known as an ^-parameter subgroup of the 
larger group. 

The four transformations 

determine a four-parameter group ; for they are linearly indepemlcnt, and besides 

( 6^2 Uz)f= Uif- l\f, ( U. Ui)/= - U-if, ( Ih lU)/= U,f. 

Of the subgroups of the four-parameter group the following are immediately 
obvious : 

The two-parameter subgroups C\f, U^f; U\f, U^f; L\f, L\f; b\f, L\/; 
Uzf, Lhf. 

The three-parameter subgroups U\f, L\f, Uif; V\f, L',\f, L'\f. 

Vf=^x J- y ^=. U\f — Uif, also a transformation of the four-parameter 

group, determines with U-if and Lhf a three-parameter subgroup, since 
( UL\)f= - 2 t/,/ ( UU^Y= 2 U-if, ( U-, U,)/= - Uf. 

Remark 2. — Starting with two or more linearly independent infini- 
tesimal transformations which leave a given differential equation of 
the second (or higher) order unaltered, a group of infinitesimal trains- 
formations is determined which is either the r-parameter grou[) of 
Theorem II or a subgroup of it. 

For, let U-if, Uif, ••-, U^f, (2<k<.r) be a set of linearly inde- 
pendent transformations which leave the differential equation of the 
second order unaltered. By Theorem I, i^UiU^f, {i,j=i, 2, ■■■, k) 
also leave the differential equation unaltered. Some or all of these 
may be linearly independent of the original ones. Let k' of them 
be such. We know that k + k'^^. Adding these to the original set, 
combine the larger set in pairs by the alternating process as before. 
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The resulting transformations also leave the differential equation un- 
altered. If any of these are independent of the members of the 
larger set, add them to the latter, thus forming a still larger set of 
linearly independent transformations leaving the differential equation 
unaltered. Proceed with this set as before. Obviously this process 
must be a finite one, since the maximum number of members of a 
set is eight. So that the above process stops when no new trans- 
formations independent of the previous ones arise as a result of the 
alternating process. If the number of independent transformations 
finally appearing is r, the /--parameter group determined by them is 
precisely that of Theorem II ; if the number is s < r, the ^--parameter 
group determined by them is a subgroup of the other. 
We shall prove 

Theorem III. — Extery r-parameter group (r> 2) contains tivo- 
paraineter subgroups.* 

As a matter of fact we shall show that, fixing upon any one of the 
transformations, say Uif, a set of »- — i constants e.., c,, ••■, c, can be 
found such that 

C/i/and Uf=c^UJ+c^U,f^- - +c,UJ 

constitute a two-parameter subgroup ; it being understood that the 
r-parameter group is determined by Uif, U.J', •■■ U^f, which are, 
therefore, subject to the conditions 

(104) iU,U,)/^Y,a,,,UJ, {i,j^i,2,...,r). 

In order that this be the case 

(105) {U„ c,U,f+ c,UJ+ - + cMr/)=aC/J+ b{c.U.J+ c.,UJ 

+ - -f c^UJ). 

* This theorem and its proof hold, without modification, for groups involving » 
variables. 
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Since (^C\, X^jUj)/=X'^(U-,C/,)/=Xc,X^,,C/,/, and since 

J=-' J=2 j=-2 4=1 

C{/, U^f, ■■■, 6^/ are linearly independent, (105) can hold only in 



(.06) 



5)^;«i;i = a, 'X'^jOut = ^i-t, (i = 2, 3. •• •, r). 

j=2 j=2 



Conversely, if c^, c^, ■■■, c, can be found to satisfy r equations of the 
type (106), where a and b are any constants, and not all of the .r's 

r 

zero, the group C^= '^^jUj/ will determine with Uif a two-param- 

eter subgroup ; for in this case 

{U,U)/=aUJ+bUf. 

That such a set of c's can always be found may be seen as follows : 

The last r— i equations of (106) are the linear homogeneous equa- 
tions 

• (a,02 — b)C2 + AlizCs + • •• + a^^^ = o, 

OmCi + (ai33 — b)c3+ ■■■ + flj^jC, = o. 



(107) 



.«i2/'2 + <^a^s + • • • + {a-ir, — b)c, = o. 



These can be solved provided b satisfies the equation 
(ro8) 



a]23 



a,^ — b 



This equation necessarily- contains b, since the coefficient of b'~^ is 
(— i)'"'. Using any value of b satisfying it, the i-'s are determined 
to within a common factor (which is not essential), by solving (107). 
The value of a is then determined by the first equation of (106). 
Thus Theorem III is not only proved, but a method for finding the 
two-parameter subgroup is also given. 
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The transformations 

dx dy ox dy 

determine a three-parameter group, since 

(£/it/,)/so, {UiUz)/= U..f, (,U20\)/= U,f. 

Inspection shows that £/iy"and C^'ay determine a two-parameter subgroup. To 
find another two-parameter subgroup of which Usf^s one of the determining ele- 
ments, the method of this section may be employed. The constants ci and c^ 
must be so determined that 

i.e. - cxUif- c.,Uxf= aUs/+ /•ciUif+ bc.,h\f. 

.-. a = o, bc\ -f- ^2 = O, bc-z -f- ri = O. 

In order that the last two equations be consistent, b must satisfy the equation 

^•2 - I = o, 
whence b = ±1 and -i = ^ i. Hence 

V, ^yK + Jf.,Uf^^ + ^ and Urf^y ^ + .r ^A, Uf^^-^-l 
dx dy dx dy 5-r dy dx dy 

are two two-parameter subgroups of the original group. 

44. Classification of Two-parameter Groups. — If a two-parameter 
group is determined by C/j/ and U^/i 

Either both Ui and a„ are zero or they are not. In the latter case it 
is aUvays possible to find a pair of transformations to determine the 
two-parameter group for which one of these constants is unity and 
the other zero. For, if ^i =?!= o 
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are linearly independent and 

{V,V.^f= VJ* 

Moreover, if for any pair of linearly independent transformations 
Ui/ and U-,/ of a two-parameter group 

(C4ay=o,t 

this is true for every pair, since 

for all choices of constants c-i, c,, by, b^. Hence every two-parameter 

group can be represented by a pair of irattsformations U^J and U,f 

such that either ,,,,,,, 

( f/i Ui)f = o or ( £/, Ui)f= UJ. 

These two possibilities are mutually exclusive ; any group can come 

under one head only. 

A second mode of classification is suggested by the following : 
If a two-parameter group is determined by 61/ and f^/ which are 

connected by a relation of the form 

(109) aj=p{x,y)UJ 

where p(x, y) is not a constant, J every pair of distinct transforma- 
tions of the group are connected by a relation of the form (109) ; 

• If aj = o, flo ^ o, so that ( Ci ^4)/= "2 ^-if- 'he groups 
^1/= t'2/and r2/=-i i/i/ 

fl.2 

satisfy the condition ( V^ V-2)/= Vif- 

t It is interesting to note that ( U-^ i/;)/= o is the necessary and sufficient condition 
that each transformation of the group generated by U^/he commutative with every 
transformation of the group generated by CZ-i/. For an elementary proof of this fact, 
see Lie, Oiffere>itialgleichungen ^ p. 305. 

J While in this case t/j^^and tA/^re distinct transformations, the one-parameter 
continuous groups generated by them have the same path-curves. 
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for if • 

VJ= a,UJ-\- a^UJ, V.J= 1>,UJ+ b.,U^, {a A - a-A ^ o) 

Hence ail two-parameter groups may be divided into two classes 
according as i/ieir distinct transformations are connected by a relation 
of the form (109) or not. 

These two modes of classification are independent of each other. 
Hence four classes of two-paratnetcr groups may be distinguished ac- 
cording as the\ ate representable by a pair of t7-ansformations Uif afid 
Utf such that 

p. {U,U,)f=o, U,f=p{x,y)UJ, 
y. ( U, U.^f = UJ, U.J ^ p (x, y) VJ, 
8. {U,U.^f=UJ, UJ=p(x,y)UJ. 

Classify the following two-parameter groups : 

Ex. 2. (.r+;0^, -v-|^. 
ax ax 

Ex. 3. ^{x+y)¥^+y{x-^y)f, x{x-y)^+y{x-y)^. 

ax ay ax ov . 

Ex.4. y%-xf, V^^T7{v^:f--xf 
ax ay ' \ ax a\ 

Ex. 5. -^ , ^'. 

x-\-y ' x-iry 

• T7 = 9f , df n 5/ , . , , .df 

Ex.6. x-^-{-y-f, X- ^ -^ (r -^- 2 xy) -f . 
ax ay ax ay 
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45. Canonical Forms of Two-parameter Groups. — By a proper 
choice of variables the various classes of two-parameter groups can 
be reduced to certain simple forms which Lie called their canonical 
forms. These will now be determined in turn. 

a. {U^U,)/=o, UJ^p{x,y)UJ. 

By the method of § 9 a set of variables can be determined so that 
t'^/ takes the form .^ 

ax 

If the resulting form of U.^f is 

|i s o and f3 s o, since ( L\ C/,)/s ff + ^JL^I^^. Hence 
ox ax dx ax ax ay 

i and rj are, at most, functions of ^' ; i.e. 

ox ay 

where* ri{y) ^ o, since U-J^ p{x, v) 6^1/ 

The transformation U^f^ tr- remains unaltered by a change of 
variables of the type 

x=x-^l^y), y = ^{y), 

where <i>{y) and i^(j') are at our disposal. This change of variables 
causes U-Jxa take the form [(15) § 9] 

{i{y) - '/(j) </•'( V)] f + y){y) f (j) %■ 

ax ay 



If ^ = j -^ ' dy and f(r)= I > ^J assumes the form 



¥. 
^y 
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Hence, by a proper choice of variables, a pair of transformations 
satisfying conditions a can be made to assume the canonical forms 

ax ay 

Having established the existence of the canonical forms in this 
case, the actual finding of the canonical i^aiiables (which reduce the 
transformations to these forms) can be accomplished by two quadra- 
tures. For, starting with a pair of groups 

UJ^i,f^^,f and UJ^i,f-r^,f 
ax ay ax ay 

satisfying conditions a, the new variables x and y will reduce these 

to the forms '.r -.r 

UJ=f- and UJ^=f- 
ax dy 

respectively, provided x satisfies 

/. dx . dx J- dx , dx 

ax ay dx ay 

and y satisfies $,^ + r,i^ = o, 4 _!!. + ^, -i?= i. 
ax ay ax ay 

Since such new variables must exist, the equations of each pair 
must be consistent. Because U^f ^ p Uxf, they can be solved for 

— . — and — , — respectively, whence x and y are determined 
dx' by dx dy 

by the two quadratures 

x=mdx+'^dy, y=.fp. + '/dy. 
J OX ay u ox ay 

The transformations 

U,/^-yf + .^ and a,/^.^+y^ 
dx dy d-x dy 
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form a pair satisfying conditions a. From 

dx Qy dx dy 

^= ->■ and ^ = _-^_ , 

dx Jr2 ^ yi Qy J.2 _(. yl 

Whence x = C^jfy-y^^. = tan"' 1' . 

J X- + /^ ;r 

Similarly, from -y^ + x^ = o^nAx^+v^=l, 

dx dy dx ' dy 

^=^^— and ^= y , 

whence y = C ^^x+ydy ^ ^^^ ^-r, —, 

J X- + y^ 

These canonical variables are obvious from geometrical considerations. 
p. {Uya)/=o, U.J=p{x,y)UJ. 

As before, f/i/can be reduced to the form 

dy 

by the choice of canonical variables (§ 10). Then K/ assumes the 
form 

dy 

where a(x,y) is what p becomes when the old variables are replaced 
by the new. Since 

Oy ay 



o- is a function of x only. Taking this as the new x, which change 

of variables leaves t/iy unaltered, K/ assumes the form x — ■ Hence, 

dy 

by a proper choice of variables a pair of transformations satisfying 
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coiiiiitions /8 can he made to assume the canonical forms 

The actual finding of the canonical variables in this case requires 
a single quadrature. For, starting with a pair of transformations 

where ( L\U.^f ^ UipL\/^ o, i.e. C\p = o, 

the new variables x and y will reduce these to the forms 

UJ=^i- and V.J=x% 
<)y ' by 

respectively, if Ar = p(.r, 1) 

and y satisfies the equation (§ 10), 

ax ay 

Moreover, since U\p = o, p is a solution of 

.3/ bf 
ax ay 

Hence, y = F(x, y) is some solution of 

dx _ civ _ dy 

distinct from p = const., which is also a solution of this system of 
equations. Among the various ways that will suggest themselves 
when i and -q are given in any specific case, a possible method is to 
solve p{x, y) = c for one of the variables, say x = 4>{y, c), whence 
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The transformations 

l\f = xy ^ + 2 V- ^/- and U-,f=x^ ^ + 2 ;r'^ ^ 
ax dy dx dy 

form a pair satisfying conditions fi. 

• o „ 

Uo/=~Uyf. ..X = -~ 

y y 

y must satisfy xySM. -|. 2/--^ = i. 

5j^ dy 

To solve the corresponding system of ordinary equations 

Jx _ i/y _ (/y 
xy 2i~ I 

use may be made of the solution — = i- or _v = — * 1"hen 

y <; 



• r^ = - -ii = _ -L. 

-' -r' 2Jr- 2 )' 

y. ( i'l ^ ;.)/= f 1/, U.jm p {X, r) UJ. 

As before, f/,/can be put in the form 

by 
by introducing canonical variables. Taking U.,fm the form 

ax ay 

we must have ^r- = o and ^ = 1, smce 

by dy 

Hence, 6i/must have the form 
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where i{x) ^ o, because UJ ^ pU^f. The introduction of the new 
variables , ^ , ^ 

leaves Uif^. — unchanged in form, but changes U^f^vAo 

This takes the form U^f^. x-^ +U-^ 

ox ay 

when ^(*)<^'(-^) = <i>{x), or <i>{x) =e^i<^^) 

and ^(;c)i/''(x) + Jr(;<r) = i/'(;c), or >l,{x) = — eHM J -Je-h'.^)dx. 

Hence, by u proper choice of T'ariables a pair of transformations 
satisfying conditions y can be made to assume the canonical forms 

The actual finding of the canonical variables in this case requires 
two quadratures. For, starting with a pair of groups 

satisfying the conditions y, the new variables x and y will reduce 

these to the forms 

UJ^^l^u^U.J^x^J-^y^I. 
ay ax ay 



respectively, provided x satisfies 

J. dx , dx f dx , dx 

fiT- + J7iT- =o, f2T- + i727- = -"f 
ax ay ox ay 
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and y satisfies 

Since such new variables must exist, the equations of each pair must 

be consistent. Because 6o/g£ p 6^ they can be solved for — , — 

, dy dy . . ^-^ ^y 

and -^, -^, givmg 
dx dy 

/ \ ^X 7)i OX Ci 

(no) — =- '-^—x, ■r- = 7 — ^i-T — X, 

dx iiri2 — ^27)1 oy ^ijj — Ijiji 



dx ^17)2 — ^ol?! ilV2 — iiVl ^y ^iV2 — ^iVl ^lV2 — ^^Vi 

Dividing (no) by x, — -S— and — -S— are given, whence logx is 
ax oy 

obtained by a quadrature and the form for x follows. 

Equations (in) maybe solved in various ways. The most gen- 
eral form for y satisfying them is not needed. As a matter of fact, 
the simpler the form obtainable, the better. One way of proceeding* 
is to assume that x and y are no longer independent, but that y = ex 
where ^ is a constant. Then 

(XI.) f = ^+,9^ = ^K + ,^yy + ,+ ,^ 

ax ox oy 

where A, /j., v, ir are what the corresponding coefificients in (in) 
become when j is replaced by ex. Since (112) is a linear ordinary 
differential equation of the first order, it may be solved by the usual 
method, involving two quadratures (EL Dif. Eij. § 13). A process, 
however, by which a single quadrature alone is involved in solving 
(112) is given by the following: 

* Special methods will frequently be found simpler, however. 
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Inspection of equations (no) and (in) shows that y = x(x,cx), 
which is obtained from x{.v, y) by replacing y by ex, satisfies the 
equation 

Hence the transformation y = vx{x, ex) reduces (iiz) to 

liv V + ctt 

dx x(x, ex) 

whence v is obtained by a quadrature. Then y follows at once, after 

replacing (T by _. 

x 

The transformations 

l\f= x^ and U.f = x"-^+iyJr xy) ^ 
dy dx dy 

form a pair satisfying the conditions 7. From 

, x^=o and x"- ^ -h 0' + xy) ^^ = X 
dy ox dy 

dx x^' dy 

.-. logX: 

From ;r ^ = 1 and ;r2 ^? _^ ^, + ^j,) ||/ = y, 

57 5-^ 0/ 

dy _y y + xy du-l.* 
dx x^ x^ ' dy X 

Put.,ng;- = « t = J^--^■ 

y 

* These equations can be solved directly. From the second one V=-+0(jr), 

where <^(x) is to be determined. Putting this value of V 'n the first equation gives 

_1 

— = ^ , whence <t> = ie ' . 
dx x"^ 

k = o gives the form for U obtained in the text. 



§45 ORDINARY, OF THE SECOND ORDER 163 

1 
Using the method given above, put y = ve '. The linear equation then reduces 

dv - - 

to — = e^ '. whence v = ce^. 

dx x' 

V 

.-.J, = .=--. 

S. {U,a)/=UJ, UJ=p{x,y)UJ. 

As before, by the introduction of canonical variables U-^f can be 
made to assume the form 

^'^ - by 

These variables will cause U^fXo assume the form 

Since ( U, tt)/ = t^/, ^ = 1 and ,; = X{x) +y. So that 

K/^[X(^)+j]|. 

The change of variables y = ^(x) + v leaves 6^/ unaltered and 

changes U.,f to the form Z7,/sj/^- Hence, /'v a proper choice of 

variables a pair of tra?isformations satisfying conditions 8 can he 
made to assume the canonical forms 

The actual finding of the canonical variables in this case requires 
the solving of the differential equation of the first order determining 
the path-curves of the group generated by either of the transforma- 
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tions. For, starting with the pair of transformations, * 

where ( f/j U-^J = U^f, the new variables x and y will reduce these to 
the forms ^ , 3 , 

:r,/^^andr../^,^^ 

respectively, if y = p{x, y) * 

and X satisfies the equation 

.dx ^x _ 

dx Sy 

The solution of this equation is usually obtained by first solving 

dx dv ■ 

the differential equation of the path-curves of U-^f. 
The transformations 

dx -^ dy y dy By 

form a pair satisfying conditions 5. 

y y 

The solution of |-^ = ois--|-- = const. 

x'- y^ X y 



^y 

Ex. Determine the canonical variables for the groups at the end 
of § 44. 

• The other requirement of J/, viz. C/y=i, follows from the given conditions on ?,',/ 
and C/2/ since (U^,pU^)f=Uify\f. 
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46. Differential Equation of the Second Order Invariant under Two 
Groups. — Starting with two non-trivial infinitesimal transformations * 
which leave a differential equation of the second order 

(98) y" = F{x,y,y) 

unaltered, an ^-parameter group of infinitesimal transformations, 
leaving (98) unaltered, can be found (Remark 2, § 43), which con- 
tains a two-parameter subgroup (Theorem III, § 43) determined by a 
pair of transformations f/,/ and U^f which satisfy one and only one 
of the conditions (§ 44), 

(i7,f/,)/so and {U,U,)f= UJ. 

Moreover, these two transformations can be found by direct and 
practicable processes from the original two transformations, and they 
also leave the differential equation (98) unaltered. 

We shall now suppose that we have found such a pair of infini- 
tesimal transformations U^f and U2/. Passing, as was done in § 39, 
to the corresponding linear partial differential equation 

(loi) A/=^^+y^^ + F{x,y,y')^ = o, 

dx ay ay 

the latter is invariant under the extended transformations 1/^'/ and 
W/, which are subject to one of the conditions 

(U,'UJ)/=o and WU.[)f= Uif, 

since {U,' W)/ ^ {U^U^)'/ (itt Note V of the Appendix). Two im- 
portant cases are to be distinguished : 
A. A relation of the form 

(97') U^/=uU,'f+pAf 

* As use is to be made of the properties of groups of infinitesimal transformations, 
the one-parameter groups under which (98) is invariant will be replaced by Iheir repre- 
sentative infinitesimal transformations in what follows. (Compare Remark, § 6.) 
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exists. In this case U-^f and U-J determine distinct path-curves, 
that is, no relation of the form 

(109) U.J=a{x,y)UJ 

can connect them. For, if such a relation did exist, and if 

dx ay ay 

62^ would have the form 

iTj:— t^J i '^f I f I I ^f^ I 9(T , f da- , /. da- „\d/ 
ox ay \ ox ay ox ay Jay 

A relation of the form (97') implies the vanishing of the determinant 



A = 



I / J^{x, y, /) 



5i Vi Vi 



do 

ox 






da 
dy 



dx 



This reduces at once to 

Since neither rji — i^y' nor both ^, and r/i can be zero identically, 

A can vanish identically only in case — ^ o and — = simultane- 

dx dy 

ously, that is, a must be a constant. This would make Ui/ and [/s/ 

one and the same transformation. Hence the relation (109) cannot 

hold when (97') does. Assuming that (97') holds, two cases must still 

be considered : 

1° {U^Ui)/=o. 
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By means of two quadratures (§ 45, re) canonical variables can be 
found so as to reduce the two transformations to the forms 

'•^ . dx- -' dy 

respectively. Since the differential equation expressed in terms of 
these variables must be left unaltered by these two transformations, it 
must be free of both x and y(\ and 1', § 28). Hence it has the form 

and the corresponding partial differential equation has the form 

Moreover, U^'/=^, Wf=^- 
ox dy 



The relation (97') implies that 

I y' F{y') 



I o 

O I 



o 
o 



= F{y') = o. 



Hence when conditions (97') and 1° hold, the introduction 0/ canoni- 
cal variables for the two -parameter group reduces the differential 
equation to the form „ 

and the solution is y = ax ■\- b. ■ 

{U,U.?,f= UJ. 



By means of two quadratures (§ 45, y) canonical variables can be 
found in this case, reducing the transformations to the forms 

VJ^^.L,UJ^x%- + y'-l. 
dy dx dy 
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The introduction of these variables reduces the differential equa- 
tion to the form (I and IV, § 28) 

/(j,',xj,")=o,ori,"=^. 
The corresponding linear partial differential equation has the form 

Moreover, u^^'^^, U^/^ x'l^y'l. 



The relation (97') implies that 

,/ ny') 



I y 

O I 

X y 



X 

o 
o 



= - F(y') = o. 



Hence, also, in the case where conditions (97') and 2° hold, the 
introduction of canonical 7>ariables for the two-parameter group 
reduces the differential equation to the form 



and the solution is 



y = 
y = ax -\- b. 



B. No relation of the type (97') exists. That is, 
U^f^aU^f+pAf 

Here the two subcases in A are also to be considered. 
1° {U,U,)f=o. 

Since this carries with it 

(£//tt')/so. 
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the conditions of § 38, B, 4°, (a) exist, and the two solutions of the 
corresponding linear partial differential equation are given by the 
two quadratures 



dx dy 


dy 


I y 


^(^,j.y) 


^1 -m 





s 



dx dy 


dy 


I / 


n^,y,y) 


4 ■ni 


V2 



where A = 



a and I | 4 Vs V2' = b. 



r y F{x,y,y)\ 
t ' 



Eliminating _)>' from these gives the solution of the original differen- 
tial equation. 

Since this carries with it 

{U^U.l)f=U^f, 

the conditions of § 38, B, 4°, {J?) exist. Two solutions of the cor- 
responding linear partial differential equation are obtained by two 
quadratures, by the method given there. Eliminating y' from these, 
the solution of the original differential equation follows. 

Remark. — It may be noted that in every instance where an 
ordinary differential equation of the second order is known to be 
invariant under two distinct groups, of which neither is trivial, its 
integration can be effected by means of two quadratures. 

47. Second Method of Solution for B. — The method in cases A, 
1° and 2° of the previous sectionMeaves nothing to be desired. For 
the remaining cases, however, while, theoretically, the reduction of 
the problem to two quadratures seems sufficiently simple, a method 
analogous to that employed for A, even if involving a larger number 



170 THEORY OF DIFFERENTIAL EQUATIONS §47 

of quadratures, or possibly the solution of a differential equation of 
the first order, may prove simpler in actual practice. Still under the 
supposition B, viz. 

the four possible forms (§ 44) of the two-parameter groups of infini- 
tesimal transformations leaving the differential equation unaltered 
will be considered : 

a. {U,U,)f=o, U,/^p{x,y)U,f. 

By a process involving two quadratures (§ 45, a) canonical varia- 
bles X and y can be found, reducing the infinitesimal transformations 
to the forms 

dx dy 

The differential equation invariant under these has the form 
(I and r, § 28) 

An additional quadrature gives 



/^^— ■ 



F{y') 
or, when solved for y', y' — ft>{x+ a), 

and a final quadrature gives the solution 

y= Ccl,^x+a)dx + 6. 

In this case four quadratures are required. 

p. ([/,[/,)/ =0, U.J=(,{x,y)UJ. 
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By a process involving one quadrature (§ 45, /3) canonical varia- 
bles X and y can be found, reducing the infinitesimal transformations 
to the forms 

UJ=% ^ndUJ=xf. 
ay dy 

The differential equation invariant under these has the form 
(I and VII, §28) j,-_2r(;r). 

Two additional quadratures give the solution 

y= C CF{x),/jr + ax + b. 
In this case three quadratures are required. 

y. {L\U.^f=UJ, UJ^p{.x,y)UJ. 

By a process involving two quadratures (§ 45, y) canonical varia- 
bles X and y can be found, reducing the infinitesimal transformations 
to the forms ^, -^ .^ 

UJ^f^nAUJ^x^{- + yf. 
dy ax ay 

The differential equation invariant under these has the form (I and 

IV, § 28) , 

y" = -F{y'). 

X 

As in the case u, two additional quadratures give the solution. 
In this case four quadratures are required. 

8. {U,U.^f=UJ, U,/=p{.x,y)UJ. 

By a process (§ 45, S) involving the finding of the path-curves de- 
termined by either infinitesimal transformation, i.e. the solution of 
the differential equation ^^ - 
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canonical variables x and y can be found, reducing the transforma- 
tions to the forms ^, „ , 

By dy 

The differential equation invariant under these has the form (I and 

in, § 28) 

^ -Fix). 



y 

Two quadratures give the solution 



y = aj. 



e^^^'^'^dx + i. 



Remark. — The above classification holds equally well for A, for 
which it is exceedingly simple, cases j8 and 8 never arising (§ 46). 
Hence the method of introducing canonical variables applies to all 
cases where a differential equation of the second order is invariant 
under two groups. The interest in § 46 lies in the fact that it is there 
shown that it is always possible, if desirable, to solve the differential 
equation by two quadratures only. 

While the classification of § 40 is more complicated, it must be 
borne in mind that the two groups employed there need not deter- 
mine a two-parameter group.. Some of the methods of § 40 are ex- 
ceedingly simple ; so that they are not to be ignored. On the other 
hand, it is suggested that the method of this section be applied to the 
examples of § 40. 

Ex. 1. xyy" + x)/'' — y/ = o. (Ex. i, § 40). 

This equation is invariant under Uif=x^ +)'— and C4/s v ---■ 

ax dy ■ dv 

These determine a two-parameter group of the type «. The canoni- 
cal variables are readily found to be jr = log jt, y = \ogZ. Introduc- 

X 

ing these, the differential equation takes the form 

y"+2(y'' + y') = oor /^ + 2dx = o. 
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Integrating this, one obtains 

log — =— - ■\-2X = coxy=- 



^ , 3 Cx^ — I Cy— e~'^ 

Integrating again, 

2 1/ 4- f = log (ci — e~'^') or c^^ =-C\ — e~^. 

Passing back to the original variables, 
Cijr — Czy = I. 

Ex. 2. y"=jy+Qy + X. (Ex. 2, § 40) . 

This equation is invariant under U-J =^ }\— and U-J'^^yi — . if 

dy dy 

yi' = Py( + ^jCi and y,[' = ./^j' + <2>2- The transformations UJ 

and £4/ determine a two-parameter group of type ;8. The canonical 

variables are jr = i-, y = ^. To introduce these use should be made 
Ji y\ 

of the fact that 'iM^'^yd^^t^ ^here ^=y,y.^-y^^, and that 
>'iJ>'2"— >'i)'i" = /'A. Then 

v = ViJf, 

.I'l 

y =y\V + - — + ^—r- 

y\ yi ■ 

Substituting these values in the differential equation gives 

yi ^ 

where the right-hand member must be expressed as a function of x. 

Integrating twice, 

y=jdxy-^dx + ax-{-b. 
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Passing back to the original variables, 

y=y. f4^^) f, ''^ ,,. 4-"^) + ^y. + by.- 
•^ KyJ^ (.y^yi - y-yyiY \yj 

Note. — It is an interesting fact that this form of the solution 
includes as a special case the form obtained by a well-known method 
in case the coefficients in the linear equation are constants. (See 
El. Dif. Eq. § 47.) 

Ex. 3. y = ly' 4- Qy. (Ex. 3, § 40.) 

This equation is invariant under Ui/^^y^^ if ^'1 is a particular 

3_v 

solution of the equation, and also under tt/s v -■'- . The trans- 

- dy 

formations C^i/and K/ determine a two-parameter group of type 8. 

The canonical variables are x= x, j^ = i . This change of variables 

Ji'i 
is the one usually employed. (See E/. Dif. Eq. § 53, i°.) 



CHAPTER VII 

CONTACT TRANSFORMATIONS 

48. Union of Elements. — The configuration consisting of a 
point and a line * through it is known as a lineal element. It is 
obviously self-dualistic. Since a lineal element in the plane is deter- 
mined by three coordinates.f there are oo ^ such elements. 

Any curve in the plane determines oo ^ lineal elements, each one 
consisting of a point of the curve and the tangent line at that point. 
[In particular a straight line determines oo ^ lineal elements, all hav- 
ing the same /-coordinate ; while a single point (looked upon as a 
line curve of the first class) determines oo ^ elements all having the 
same x- and j-codrdinates]. Such a single infinity of lineal elements 
is said to form a union of elements,\ and successive elements in this 
case are said to be united. In general oo ' lineal elements do not 
form a union ; it is easy, however, to find the condition that they do : 

Two relations among the three coordinates 

(113) <^(:r, J-, /) =0 and i/f(Jc, >■,/) = o 

* At times it is convenient to replace the line by its direction in the above definition. 

t We shall use the nonself-dualistic set (x,y,p) where .• and y are the rectangular 
coordinates of the point and^ is the slope of the line. 

It is almost needless to add that the theory here developed is no more restricted to 
this choice of coordinates than the general theory of Analytic Geometry is confined to 
the use of Cartesian coordinates. 

J In this case the locus of the points of the elements coincides with the envelope 
of the lines of the elements ; and besides, the point of tangency of each line with the 
envelope is the point of the element to which the line belongs. This locus will be re- 
ferred to as the curve of the union. 

17s 
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determine 00 ' elements.* The locus of the points of the latter 

(114) o>(^,^)=o 

is obtained by eliminating/ between the two relations (113). A 
union exists provided the value of/, in terms of x and y, obtained 
from either of the two relations is the same as that of the slope of 
the tangent to the curve (114), 2.1?. 

ax (Oj, 

where partial differentiation is indicated by a suffix. The condition 
that the lineal elements determined by (113) form a union is therefore 
that 

(lis) dy—pdx = o.'[ 

Ex. 1. Starting with the relations 

x-Vyp = o, y\\ +/2) = I, 

the point locus is the circle x^ -\- y^ = i. Here 

dv X J. 

ax y 

Fig. 6 Hence the elements form a union. (See Fig. 6.) 

* A single relation ip(x, >)=o free oi p defines ool unions, each consisting of 
the 00 1 elements having a point of the curve {,x,y) = o in common, p being un- 
determined. 

Hence, if neither of the relations 0(jc, y) =0 and ^{x^y) ~ o involves p, they to- 
gether determine a finite number of unions, each consisting of the 00 ' elements hav- 
ing in common a point of intersection of the curves <p{x^y) = o and >^{x,y) = o. (See 
Ex. 4, below.) 

t The same condition obviously holds when the lineal elements are determined 
parametically 
(116) x=X{t). y=Y{t),p = P{t). 
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Ex. 2. In the case of 

y + xp = o, x + yp = o 

the point locus is the pair of lines x^ — y^ rn o. 

Here -^ =- ; while / = — - . Hence there is no 
dx y y 

union. (See Fig. 7.) 




Fig. 8 



dx 



Ex. 3. In the case of 

y = xp -\- I, p z= a = const. 
the point locus is the line j = aj-+l. IJere 



= a = p. Hence the elements form a union. (See Fig. 8.) 



Ex. 4. In the case of 

the point locus is the point x = o,y = i, while / is undetermined. The 
elements form a union. (See Fig. 9.) Fig. 9 

Ex. 5. The elements determined by 

X = cos t, y — sin t, p = tan t 

do not form a union, since the point locus is the 
circle jr-+y=i, where 

^=-^ = -cos/^/. 
dx y 




(See Fig. 10.) 



Fig. 10 



Ex. 6. In the case of 

y = xp+\, y= I 

the point locus is the line y = i. Along this p — o. 
Hence the elements form a union. (See Fig. 11.) 



Fig. II 
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Fig. 12 



Ex. 7. In the case of 

the point locus is the line y = 3. Along this p — o. 
But the elements along this line determined by the 



>Ll 



first relation have / = 
no union. (See Fig. 12.) 



■ ^ o. Hence there is 



49. Contact Transformation. — Of the possible transformations 
on the coordinates of. a lineal element 

(117) .-Vi = X{x, y, p), }\ = Y(x, y, /), /, = F(x, y, p) , 

those which transform every union of elements into a union play an 
important role and are known as contact transformations. The 
condition that (117) be a contact transformation is readily seen 
to be 

(118) i^yi— pi "'a"i s p (jc, y, p) {tiy —p dx) , where p ^ o. 

For, from the condition (115) it follows that if a union is to be 
transformed into a union dy^ — /, dxi must vanish whenever dy — p dx 
does ; that is, the former must contain the latter as a fictor. 

Indicating partial differentiation 'by a subscript, (118) may be 
written 

( y. - /yc) dx + ( j; - >xj -/^ + ( f, - px,:)dp = p{dy-p dx) . 

This is equivalent to 

(119) Y^-PX^=-pP, Y^-FX, = p, Y,~rX^ = o; 

whence 

(120) F=^ 
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and 

(121) x„( K +/y,) - y^{x^ +j> a;) ^ o* 

The two relations (120) and (121) may be put in the compact 
form 

These relations, which are necessary conditions that (117) be a 
contact transformation, are also' sufficient, as may be seen as follows : 
They lead at once to 

y,+/y,-7'(jtL+/x,) = o, 
-/ I 

Equations (119) follow at once, and, therefore, condition (118) 
is fulfilled. 

Conditions (120) and (121), or their equivalents (122), may thus 
be used instead of (118), when desired.J 



[XY] = 



• Introducing the Poissonian symbol 

1 Vp Kx+/ Fji' 
the relation (121) takes the simple form 
(121) [J(Y] = o. 

When two functions X and Y satisfy the condition (121), they are said to be in 

involution. 

t This value of the common ratio p cannot be identically zero, for using (122) it 
may be written 

p - A/i Yy Jiy J p Jir Yy — ~ -Ay J J Jiz ' li -j* 71 JJ , 

A'p JCz -^ p Xy p Xp 

all three of the numerators cannot vanish simultaneously since X and Y are supposed 
to be independent functions. 

X An element transformation, which is not a contact transformation, transforms pre- 
cisely oo2 unions into unions. {See Kasner. American Journal of AlathematicSy 
Vol, XXXII, p. 393). Thus, X — x, Y = p,P — y, which is obviously not a contact 
transformation, transforms the union defined hy y -\- p = c^e'^ , y—P — c.^e-^ for any 
pair of values of c^ and c-i into a union. 
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Remark i. — Of the three functions X, Y, P in the contact trans- 
formation (i 1 7), either one of X and Y may be selected at pleasure ; 
the other one is then determined as a solution of the linear partial 
differential equation (121). With. A!" and K selected, /* is determined 
uniquely by (122). 

The extended point transformation (§ 13) is evidently a special 
case of a contact transformation. For if X and Y are any functions 
free of/, (121) holds; while the form for the accompanying trans- 
formation of j' or/, given by (21), is exactly (122). 

In what follows we shall exclude extended point transformations 
from consideration, unless specific mention is made to the contrary. 

As an example of a contact transformation may be mentioned the transforma- 
tion by reciprocal polars with respect to a conic. The transformation, in case the 
conic is the circle x^ -\- y^ = \^ takes the form 

{A) xi = ~^ , yi = 



y-xp y-xp y 

Here dyx— p\dx-i, = —-^ -{dy — pdx). 

y{y - xp) 

The transformation by reciprocal polars with respect to the parabola jr^ = 2y 
is given by 
(•5) x-i,=p, yi=xp — y, pi = x. 

Here dy\— p\dx\^^ —{dy — pdx). 

In the above illustrations a union wliose curve is a point is trans- 
formed into one whose curve is a straight line. That in the case of 
every contact transformation (not an extended point transformation) 
a union whose curve is a point \ must be transformed into one whose 

* These equations may be obtained as follows ; The point (jr, y) of an element 
(JT, y, p) is transformed into the polar line xxi -\-yyi ~ i whose slope is /j = — - • The 
line of the element, v v ^ 

Y-y=p(X-x) or ZzM. + —}L^= i, 
y—xp y-xp 

is transformed into the pole 



y\ = - 



y-xp y — xp 

+ Excepting possible special points ; . e.g. the origin in Ex. 3, p. 185. 
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cun>e is an actual curve may be seen by eliminating / and /j from 
equations (i 1 7). There results from this elimination a single relation,* 

(123) F{x,y,Xi,y;) = o, 

which determines a locus for the points {x^, y^ corresponding to a 
fixed point (x, _j').t 

Moreover, a contact transformation is determined by a relation of 
the type (123), provided the three equations 

(124) F=o, F,+pF, = o, F,^+p,F,=o 

can be solved for x, y, p, and also for a:,, y^, p^. For, solving for 
^1. y\i P\t there results the transformation of the three variables 

F 
(117) x^ = X{x,y,p), y^=Y(x,y,p'), /, = _-^. 

^», 

That this is a contact transformation may be seen readily. For 

fr°™ p p 

A=--^ and/ = --f 

J J. J Fr^'fx-^-VF dy^ F^dx + F^dy 
'^i-A'^*i=— ' -^ — -^ . dy-pdx=-^ T 1 -^ - 

* If there were two independent relations, 

Fi(x,y, x^.y{) = o, F^(x,y, Xyy{) = o, 

they could be solved for xx and^i in terms of x and>, which would imply that (117) 
was an extended point transformation. 

t We may say (fixing our attention on the curve of a union) that the effect of the 
contact transformation is to transform any point (a, b) into the curve F{a, b,xi,y{) =o\ 
while a point transformation transforms a point into a point. 

Moreover, it is not difficult to show that a contact transformation, in general, trans- 
forms a union determined by a curve 6' into one whose curve O is the envelope of the 
curves into which it transforms the various points of C, or, using the same form of ex- 
pression as above, we shall say that it transforms the curve Cinto C. (Thus see Lie, 
Beriihrungstransformationen, p. 49) . If it should happen that the curve C is one of the 
curves F(x, y, u, p) =0, where O. and j3 are any constants, its transform O is the 
point (a, 0). 
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Differentiating (123) gives 

F^^ dx^ + F^^ ,/y, = - {F^ ,fx + F^, dy). 
F.. 



Hence 



^yi —A '^■^'1 = 



F. 



{dy-pdx). 



which proves that (117) is a contact transformation. 

The condition that (124) be solvable for jt, v, /and fora-j, v,,/i 
can be expressed very simply analytically : 

In order to be able to solve for/ it is necessary and sufficient that 
Fy-=t^o when 7^=o. Similarly, F^ ^ o when ^= o is the condition 
that one be able to solve for /j. 

The condition that the first two equations of (124) can be solved 
for .Tj and I'l is the non-vanishing of the functional determinant 



F F +fiF 
F F +fiF 



F,. 



p F -F F 

■^ h Jrx, -* J-* j/j 

F F — F F 



In the latter the factor 



f:; 



is omitted since it is not zero whenever 



F^= o, because F is supposed to be generally analytic, and besides 
it is not infinite since F^4=o when F= o, by hypothesis. This de- 
terminant can be put in the more symmetrical form 



A = 



o 
F„_ 



F^ 

F^. 



Fy 

F,.. 



Since A contains 7^ as a factor whenever either F^ or F^ does, the 
non-vanishing of A when F= o assures the non-vanishing of F^ and 
F^ . Hence //le only condition that {124) be solvable for Xj, V], /i is 



(125) 



A ^t o when F= o. 



Because of the symmetry of A as to x, y and ^i, ji, (125) is also 
the condition that ( 1 24) be solvable for x, y, p. 
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Remark 2. — It is interesting to note that A :^ o is the condition 
that F(^x, y, Jr,. j',) involve x and y as two essential parameters, and 
also that it involve x-i and j'l in the same way ; when such is the 
case F(a, b, a:,, j'l) = o defines 00- curves for all choices of a and b, 
and F(x,y, a, /8)= o defines 00^ curves for all choices of a and p. 
For if x and y are not essential parameters in F{x, y, x^, y^), two 
functions of jr and/, say^iC-^, j) and X2(-*>J')» '^^^ ^e found such 
that (see Note VII of the Appendix) 

This carries with it 

X\F^.,+X2F,,, = o and Xi^.,, + X2^.„, = o- 





° P. K 




.. As 


^.. ^... ^.., 


I 




F F F 


Xi 


Conversely, if A = 




F„ A„ 





^., Xl^xx. + X^^.i, 



F,,(fx^ + F^^dyi 
F^,dx^ + F^^dyi 






dF, , , dF,, dF^ , , dF^ , 
--' dx, + -^dy, —^ dx^ + — » dy^ 
dx, dy^ dx^ dy, 



F, 



F. 



p 

, and -^ = p{x,y), 

■r., 



where p is a constant as far as ^1 and ji are concerned, but may be a 
function of x and y. 

Hence A = o carries with it a relation of the type 

F,-p{x,y)F^ = o, 

which is the condition that .v and y are not essential parameters in 
F{x, y, jf„ ;■,). 

In exactly the same way it can be shown that if A = o x, and jc, are 
not essential parameters in F. 
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The equations of transformation (-4) and {B) in the cases of transformation 
by reciprocal pulars given above are readily obtained by the method here given 
when xxi+yyi=i and xxi—y — ^i = o, respectively, are selected as the 
relation (123). 

For the transformation by reciprocal pulars with respect to the general conic 

ax^ + 2 ixy + iy'' + 2gx + zfy + <r = o 

the relation (123) is the equation of the straight hne 

axxi + /5(jr;'i + yxi) + hyy^ + g^x + x-C) +/( J + y{)+ c = 0, 

{,ix + hy + g)xi +{,hx + liy+f)yi +gx +/y + c = o. 

Here o axi + iyi +g hxi + byi + / 

ax -\- hy -\- g a h 

hx + by +/ h b 



or 
(123') 



Subtracting jci-times the second row +>'i-tinies the third row from the first, 
and taking account of (123') 



As 



gx+fy+c g f 
ax -\- ky + g a h 
hx + by +/ h b 





c g f 




a h g 


= 


g i^ h 


= 


h b f 




f h b 




g f <: 



i.e. A equals the discriminant of the conic, and is different from zero in case the 
conic is an actual one and not a pair of straight lines. In this case the method 
given above applies. Solving 

I (ax + Ay+g)xi+(Ax + by + /)yi + gx + fy + c = o, 
(a + hp)xi + {h + bp)yi + g + fP = o, 

ax + hy +g + {Ax + by + f)pi = o. 



for *i, yi, pi, the formulae of transformation are 

Gixp-y-)-^H-Ap _ _ F(xp-y-) + B-/ip 



(C) 



"' C{xp-y)+F~Gp' ^'' clxp-y)+F-Gp' ^' 



ax + hy + g 
' Lc + by+f 



where ^, B, C, /% 6", H&xz the respective cofactors in the discriminant of the conic. 
The transformations (.4) and (5) are obviously special 'cases of {C), 
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Another interesting contact transformation is obtained by selecting for (123) 
the equation of the circle, 

(123") {x - xO'' + b'-yO'' = r' 4^ o. 

In this case A = — 8 r-, and the equations of transformation are readily found 
to be 
(Z>) Xi=jr± — '^l , n=VW ^ . fil=fi. 

Vi -1-/^ VI +f 

The effect of (/?) is to transform any curve into a pair of parallel curves, one 
on each side of the original one, and at a distance r from it, as is apparent from 
the nature of (123"). A transformation of this type is referred to as a dilatation. 

Find tiie contact transformations determined by the following 
relations : 

Ex. 1. {x-x^y-2a{y-)\)=o. ^^ ^ -Ii+Zl^i. 

Ex. 2. (^--^•i)' + 0'--V')' =i. 

^ Ex. 5. ^+-^ = 1. 

Ex. 3. xc+}\- — {xXi+yy^) = o. 

50. Group of Contact Transformations. Infinitesimal Contact 
Transformation. — If in the one-parameter group 

(126) Xi = X{x,y,p,a), yi=Y{x,y,p,a), p,= P(x, y, p, a) 

the condition 

(118) dY-PdX = p{x,y,p){dy-pdx), 

or its equivalent (122), holds, (i 26) defines a one-parameter group of 
contact transformations. 

Like any one-parameter group in three variables (§ 11) the group 

(126) contains an infinitesimal transformation 

(127) x^=x-\-i{x,y,p~) Sa,j, =7 + 1? {x,y,p') M,p^=p + -n-{x,y,p)ha, 
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whose symbol may be written 

Thus the dilatations 

{D) :,,= ^ + ^0^,y,=y-^^^,p,=P 



form a group, with the infinitesimal transformation 

Bf- f ^- ' g£ 



Similarly the transformations (Ex. I, § 49) 

JTi = j: — a/, _)/! = ^ — "'^ , /l = / 
2 

form a group, with the infinitesimal transformation 

Since (127) is also a contact transformation, 

( 118') dVi—pi dx^ = dy—p dx+ {drj — fdi. —rdx)ha'' =p{dy—pdx). 

.-. p=i+<T (x, J, /) Ba, 
where 

(129) <T{x,y,/>)(dy—/>dx)=dj}~pdi—Trdx = d(ti—pi)+$d/'~Trdx. 
Writing with Lie 

(130) v-H=-ff'(-^, :•,/>)' 

where JFis known as the characteristic function of the infinitesimal 
contact transformation, the identity (129) may be replaced by 

fF, + ,r = o-A-fF, = <r, - /F,+^ = o; 
whence, making use of (130) and eliminating cr, 

(131) i= w^, v = />K- ^^'' ^= - ff^^-Z-^K- 

* Here, as always in the case of infinitesimal transformations, higher powers of 5a 
are neglected. 
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Moreover, for all choices of the function W, $, -q, ir are so de- 
termined by (131) that the corresponding infinitesimal transforma- 

satisfies the condition (118') and is therefore a contact transforma- 
tion ; hence the 

Theorem. — Connected with every infinitesimal contact transforma- 
tion there is a characteristic function IV = — j; -i- p^, in terms of 
tuhich the transformation is given by means of {i^\). Conversety, 
starting with any function IV, the relations (131) define an infinitesi- 
mal contact transformation. 

In terms of the characteristic function the infinitesimal transforma- 
tion takes the form 

(132) Bf^ iv,^+(.piv^- w)^^^-{W^+pW^)f^, 

or using the Poissonian symbol (§ 49) 

(,32) Bf^{lVf]-W^A 

dy 

Choosing for IV the form 

IV = y/l +/» 

gives the infinitesimal transformation 

Bf= t ^ -J— ^. 

which belongs to the group of dilatations (/>). 
The selection w^^^ip^^ip. 

gives the infinitesimal transformation 

Va^-i + fti a* y/a^f If *i by 
which belongs to the group 

^,^x + ^^L^, y,=y--,-^^=:-, Px = p. (Ex. 2, §49) 
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When IV is linear in p, the corresponding transformation is an 
extended point transformation. For, if 

W=,^{x,y)p-yi,{x,y), 

i=<l>{x,y), ri = <p(x,y), tt = i/^, 4-/(1/',- <^.) -/<^„- 

[(24), § 13] 

Another fact worthy of mention in connection with the character- 
istic function is the effect upon it of a change of variables when the 
latter is effected by means of a contact transformation. As was 
noted in § 11, the introduction of the new variables 

[14'] x = F{x,y,p), y = ^{x,y,p), p = ^{x,y,p) 

causes the infinitesimal transformation (128) to take the form 

i.e. i = Bx, ■(\ = By, tt = Bp. 

By the definition of the charactertisic function (130) its form 
after transformation is 

(W = t4-i\=pBx-By 

'^° I =i{px^-y.) + vipx,-yy) + ^(pxp-y,)- 

If [14'] is a contact transformation, 

dy — pdx = p(dy —p dx), 

or y,-px,= -pp, y^—pXy = p, y^-px^=±o; 

whence ' 

(133) ^(Jf. y,P) = piH-v) = p(X' :•' P) ^i^' }'' P) ■ 

Of course, in the right-hand member, x, y, p must be replaced by 
their values in terms of the new variables given by [14']. 
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The cliaracteristic function for the group of dilatations in the case of rectangu- 
lar coordinates was seen to be 

Introducing the new variables, 
(5) x = p, y = xp-y, p = x, 

for which <iy — pdx= — {dy — / a!r), 

it is easy to verify that 

w= — Vi + p' = — vT+Tx^- 

On the other hand the new variables 

y-xp y-xp y 

for which dy— pdx^: {dy — p dx') 

y{xp - y) 

cause the characteristic function to assume the form 



y{.xp-y) 

51. Ordinary Differential Equations. — A differential equation of 
the first order 
(134) /C-^, .1, /) = o 

may be looked upon as a relation among the three coordinates of the 
lineal elements of the plane, with the understanding, however, that 

(.35) P-%- 

So that the differential equation defines 00^ lineal elements which 
[because of (135), which is identical with (115), § 48] are arranged 
in 00^ unions. The solutions of the differential equation are the 
equations of the curves of the unions. 

Since all the lines through a point constitute a union, in which 
case the common point is the curve of the union, such unions must 
be taken into account when looking for the solutions of a differential 
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equation. Thus if the relation (134) is free of p, say 
(134') /{x,y)=o, 

this may still be looked upon as a differential equation in which / is 
arbitrary. Such a differential equation defines, besides the union 

whose curve isy(;«:, y) = o, those unions 
determined by each of the various points 
of the curve. See Fig. 13. Each of 
these points will be considered as an 
p integral curve of the differential equa- 

tion. 

Since every lineal element of the envelope of a family of 00 ^ curves 
is an element of some curve of the family (compare £/. Dif. Eq. 
§§ 29, 30), the equation of the envelope must also be a solution 
{i.e. the singular solution) of the differential equation of the family of 
curves. In the special case of a differential equation of the type 
(134') the curve /(j:, j»') = o maybe looked upon as the envelope, 
and its equation is therefore the singular solution. 

The Qairaut equation {El. Dif. Eq. § 27) 

y — xp—f^p) =0, 
when transformed by 

iB) xi=p,yi = xp—y,pi-x, 

takes the form yy + f{x{) = O, 

which is of the type (134'). It has for integral curves the various points of the 
curve yi +/{xj} = o, while the equation of this curve itself is a singular solution.' 
Passing back to the original variables, this curve is transformed into some curve 
^{x,y) =0, and its points are transformed into the tangents of 4>(x, y) = o. 
Their respective equations are the singular and particular (in the aggregate, 
general) solutions of the original differential equation. 
The special Qairaut equation 

y — xp — r-Vl -\- f' = O, 
when transformed by the dilatation 
{.D) ^ = ^1--^^, 7 = ^1+ , '' ./=/!, 

takes the form y\ — x\p\ = o. 
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This simple differential equation has the obvious general solution yi = cxi, 
which is the equation of the family of straight lines through the origin. The 
envelope of this family is the origin, which determines a union that is obviously 
consistent with the relation defined by the difierential equation. Passing back 
to the original variables, the origin goes into the circle jr^ +y2 = /-^, which equa- 
tion is therefore the singular solution of the original differential equation, while 
the lines through the origin go into the tangents to this circle. The equation 
of their family, y = ex — r\/ 1 + c^ = o, is the general solution. 

52. First or Intermediary Integrals. — The differential equation 

(136) <t>{x, y, p) = a, 

for each value of the arbitrary constant a, has 00' integral curves. 
Allowing a to take successively all possible values, (136) determines 
00- curves which are the integral curves of the differential equation 
of the second order 

(137) g = <^, + <^„/ + <^,g = o. 

The differential equation of the first order (136) is known as ^ first 
or intermediary integral of (137). From the above it is seen that a 
first integral of a differential equation of the second order classifies the 
00^ integral curves of the latter into 00^ families of 00' curves each. 

This classification is different, of course, for different first integrals, 
of which there is an indefinite number. For 

(138) ^{x,y,f)=b 

will also be a first integral of (137), if, and only if, 
d\l; dp 

is the same as (137), i-c provided 

"/'. + «/'„/ «/'/ 

(121) [,/,^]^K'''*' + '^"^|=o. 

I fp <Ax + 'A»/ I 
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Hence 

Theorem I. The necessary and sufficient condition that 

<^{x, V, p) =a and \p{x, v, />)=fi 

be first integrals of the same differential equation of the second order 
is that (\> and ip be in involution (§ 49). 

Starting with the function <^(.r, y, p), a second function ij'ix, y,p) 
will be in involution with it provided it satisfies the linear partial dif- 
ferential equation 

(139) [<^^] = <^^g+^^^g_(^^^+^^^)^ = o. 

This linear equation in three independent variables has two inde- 
pendent solutions, one of which is <t>{x, y,p). All of its solutions are 
functions of these two. Hence 

Theorem II. Knowing <f>{x, y, p) — a, a first integral of a differ- 
ential equation of the second order, all of its first integrals may be 
obtained by solving the linear equation (139). Having found a solu- 
tion of (139), independent of <^, all the first integrals are given by 

where * is an arbitrarily chosen function of <l> and ^. 

Since two independent first integrals 

'^{x, y, p)=a and \l,{x, y, p) = b 

of a differential equation of the second order define the same set of 
00^ integral curves but classified in distinct manners, for a particular 
but arbitrary choice of a and b, say a, and z^,,, the differential equations 

(140) <^(;c, y, p) = a„ and i/'(x, y, p) = b„ 

will, in general, have an integral curve in common. At each point of 
this curve both equations (140) determine the same value of/; 
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hence the equation of the curve 

o) (x, y, a„, />o) = o 

may be obtained by eliminating/ from (140). 

Still keeping ao fixed but allowing b to be an arbitrary constant, 
the result of eliminating/ from <f>= '^0 and \j/ = d gives 

o) (x, y, a„, d) = o, 

a solution of 'i>{x,y,p) = «„ containing an arbitrary constant which 
is, therefore, its general solution. Hence, 

Theorem III. If a second differential equation 

involving an arbitrary constant can be found such that <^ and tp are 
in involution, the general solution of 

<t>{x,y,/>)=ao 

can be found by eliminating p from the two differential equations. 

This process is frequently of service. (See El. Dif. Eq. §§ 25, 26). 
Eliminating/ from (136) and (138) gives 

o) (jf, V, a, b^ = o, 

a solution of (137) involving two arbitrary constants. It is there- 
fore the general solution. Hence, 

Theorem IV. If tu>o independent first integrals of a differential 
equation of the second order can be found, its general solution is ob- 
tained by eliminating p from the equations of the first integrals. 

Remark. — If <^ and i/i are in involution, it follows at once from 
the above that the two relations 

<^{x, y, /) = a, and \l/(x, y, p) = b, 

determine an element union (§ 48) for all choices of the constants 
a and b. 
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It should be noted, however, that 

(113) <t>{x,y,P) = o, >l,{x,y,p) = o 

may determine a union without the identical vanishing of [<f>, \f\ ; 
thus see Ex. 6, § 48. But in every case when the relations (113) de- 
termine a union, [>ji, <^j must equal zero, either identically or because 
of these relations. This follows readily from the fact that whenever 
(113) determine a union, the equation of the curve of the latter is an 
integral curve common to the two differential equations <^ = o, i/(=o ; 
and conversely. 

53. Difierential Equation of the First Order Invariant under a 
Group of Contact Transformations. The general type of differential 
equation of the first order invariant under the group whose infinitesi- 
mal transformation is 

(132) B/.^W^^+{pW,-W)f^-{W,+plV^)f^ 

is obtained (compare § 18) by equating to zero the general solution* 
of the linear partial differential equation 

( ,41 ) w^,f + (/ ^n - 'n I - ( w^ +p fK) I = o. 

On the other hand, the condition that the differential equation 
/(x, V, /) = o be invariant under the group whose infinitesimal 
transformation is .^is obviously ([12], § n) 

B/= o whenever /= o. 

As was noted in § 51, a differential equation of the first order 

(1 42) p=w{x,y) 

arranges the oc^ lineal elements determined by it in 00^ unions, the 
curves of which are its integral curves. If (142) is left unaltered by 

* This sol ution is obviously the general expression for ihejzrs/ differential invariants 
of the group, the name given by Lie to invariant functions of x\ y, p. 
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a contact transformation 

(117) x^ = X{x,y,p), yx=Y{x,y,f), px = P{x,y,p), 

the latter interchanges the integral curves of (142) among them- 
selves, since it transforms unions into unions. 

As far as the differential equation (142) is concerned, the only 
lineal elements operated upon by (117) are those whose coordi- 
nates are (.r, v, / = (i>(^, j)). These elements are transformed into 
(^i> /i) A = "^(-^ii J'l)) by (117), since the latter leaves the differ- 
ential equation unaltered. Hence the effect of the contact trans- 
formation (117) on the differential equation is the same as that of 
the point transformation 

(143) jcj = X{x, y, ,i,(x, y)), yi = y(x, y, w(x, y)). 

Whence the 

Theorem. — Jf the differential equation 

(142) p=m(x,y) 

is imiariant undei- the contact transformation 

(117) jfi = X{x, y, p), yi=y {x, y, p), p^ = P{x, y, p), 

it is also invariant under the point transformation 

(143) Xx = X {x, y, <u(x, y)), j, = Y(x, y, o>{x, j)). 
Both transformations interchange the integral curves 0/(1^2). 

It follows at once that if the differential equation 
p=w(x,y) 

is invariant under a group of contact transformations whose infinitesi- 
mal transformation is 

Bf= i{x, jv, /) £ + v(^, y, /) I + t(^, y, P) ^, 
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// is also invariant under the group of point transformations whose 
infinitesimal transformation is 

Uf= ^{x, y, w(x, v)) ^ + r,(x, y, u>{x, J)')) / • 
ox dy 

Either of the methods of §§ 12 and 20, Chapter II, may then be em- 
ployed for solving the differential equation. 

Remark. — Since BW=— W\W, it follows that the differential 
equation 
(144) W{x,y,p) = o 

is invariant under the group of contact transformations whose infini- 
tesimal transformation has W for characteristic function. 

But the invariance is of a special kind. The effect of this infinitesi- 
mal transformation is to carry the point {x, y) of an element (x, y, p) 
into {x + ^ha, y-{-riM) where ^ = IV^, T)=pWj,— W. The slope 
of the line joining these points is 

5 = * = 2) when W= o. 

Hence any element whose coordinates satisfy (144) has its point 
carried in the direction of the line of the element, that is, the ele- 
ment and the one into which it is transformed are united (§ 48). 
The infinitesimal transformation, therefore, leaves unaltered each of 
the unions (§ 51) determined by the differential equation (144), and 
the group has this effect on each of the integral curves of (144). 
Such a group is said to be trivial with respect to the differential 
equation (144), (§ 12), and is of no service in solving it. 
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NOTE I 
THE INFINITESIMAL TRANSFORMATION 

rt fi 

In case both — <l>(x,y,a) and — il/(x,y, a) vanish identically 
da da 

for the special value of a = a„, or if either of them becomes infinite 
for that value of a, irrespective of the values of x and y that may 
enter, a modification of the process for finding the infinitesimal trans- 
formation employed in § 2 must be made. It should be noted that 
they cannot both vanish identically for all values of a, for in that 
case neither of the functions <^ and tp could involve a at all ; nor can 
either one of them become infinite for all values of x, y, and a, since 
^ and \\i are supposed to be generally analytic, which implies the 
existence of finite derivatives, except perhaps for special values of 
the arguments. 

Let a be a value of the parameter for which -~ and -^ are finite 

oa da 

and at least one of them different from zero. The transformation 
Ta determined by it has for inverse a definite transformation, Tz, of 
the group, corresponding to the value « of the parameter, where a is 
a function of a only. Since TiTa = T„ is the identical transforma- 
tion, TaTa+Sa is an infinitesimal transformation. If Tn is 

Xi = <l>ix, y, a), .Vi = xj/{x, y, a), 

the infinitesimal transformation T^Ta+sa may be written, when ex- 

197 
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panded by Taylor's Theorem 

X., = <^(a-i, j'l, a + ia) = x+ •j>{xi, y^, a)Sa* + ••• 

since <l){xi,yi, «) = x, \l/{xi, )\, n) = y. Owing to the way in which 
« was chosen, neither of the coefficients of 8a is infinite for all values 
of X and y, and one of them, at least, is not identically zero. 
Writing 

^<t>(xi,yi,a) = --^l(t>ix,y,7i), ip(x,y,u), «]=|(je, r, a), 
da oa 

^-"/'(■^■i.JVi, «) = ^ "A [<^(-^. >'.«)> ^{■x,y,a), u']=rj{x,y, a), 



(145) 



it follows that an infinitesimal transformation of the group (i) of the 

type (2), § 2, 

(2) 8Ar = |Sa, 8>' = i;8a 

can always be found. 

The forms for i and tj found in § 2 are exactly what the above 
become for the special choice « = « =: a,,. 

From the above it is seen that i and t] in (2) depend upon the 
choice of «. It remains to show how they depend upon the choice 
of the parameter. Let 

%x=^'s,{x, y)%a, S^ = H(:j:, j')8a, 
or Xi = jc + ai^x, jc) %a, y^ =y ■\-'\^{x, y)la 

be some known infinitesimal transformation of the group (i), where 
H and H are not both identically zero, and neither of them is infinite, 
in general. The result of performing successively any transformation 
T^ of the group (i) and the above infinitesimal transformation is 

• Here ^ * (x y a) stands for \^<t>(x,,yy a)~\ . 
of Loa J a 
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some transformation of the group whose effect on the variables x 
and y differs from that of 7'„ by an infinitesimal amount. In other 
words, it is a transformation 7',+^„, where Aa is an infinitesimal which 
is a function of a and ha only, because of the group property of (i). 
From the first definition of this transformation 

A'2 = Xi + H(jci, yo^ = <t>{x, y, a) + H{ ^, il/)Ba, 

>'2 =J'i + H {xi, yi)Sa = ,},{x, y, a) + H (^, xj/)ha, 

while from the second definition 

Xi=<i>{x,y, a + h.a) = <i>{x,y, a) + -?Aa+ •••, 

aa 



Hence 
(146) 



yi = <l'{^-, y,a + A<z) = ^{x, y, a) + ^Aa + 

da 

■Ei4>,^)Sa = ^£Aa+ -., 

il{<l>,,p)&a = l^Aa+ ..., 
da 



for all values of x, y, a and 8a, Aa being a definite function of a and 
ha, and an infinitesimal along with 8a. By hypothesis H and H do 
not both vanish identically ; suppose, to fix the ideas, that H ^ o. 
It follows that X is not left unaltered by all the transformations of 

the group (i) ; hence <^ must involve a, and "^ o. With a proper 

choice of jc, v, a the coefficient of ha and that of Aa in at least the 
first of the two relations (146) are different from zero. By a theo- 
rem in the Theory of Functions, concerning the inversion of power 
series, Aa is developable in powers of ha, the development beginning 
with the first power. Hence 

A(Z = 7c((7)8a + ■■•,* 

* Since, as was noted above, but is a function of a and 3a only, the coeflficienis in 
this development involve a only and are free of x and y. 
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where zc/(a)^o. Aa is thus of the same order of infinitesimals as 
Sa. Putting this value in (146), dividing by 8a, and passing to the 
limit Sa = o, 

(147) U{,t>,^)=7i,{a}^. H{<l>,^) = w(a)^j^; 

aa da 

or remembering that x = 4>{xi, }\, a), y = \p{xi, )\, a), 
these may be written 

-^ = -7-^[4>{xi,yi, a), iZ-C^i, Vi, a), ^]=-— — E(xi,jF,), 
da da 7e){a) 

•r^ = T-'/'[<^(-^-i-Ji, a), i/'(xi,_Vi, a), a]= _J-_H(t„ ;'i). 
da da w(a) 

Using (145), and replacing Xi and ji in these identities by x axid y, 
we have 

(148) ${x,y,a)=-~^'Eix,y), r,{x, y, a) = —^-a{x, y). 

w{a) w{a) 

The effect, then, of using different values of the parameter in deter- 
mining an infinitesimal transformation by the method of the first 
part of this note is to obtain pairs of coefficients of Sa in the two 
formulae which are proportional, the factors of proportionality being 
constants. Hence, by Remark i, § 2, all the infinitesimal transfor- 
jnations so obtained are one and the same. We have thus arrived 
at the 

Theorem. — Every one-parameter group of transformations 

Xx = <f>{x, y, a), J', = ip(x, y, a) 

has one and only one independent infinitesimal transformation 

Ix = i{x, )■) la, 8v = 1) (.V, v) 8a, 
where 

k=-—^'\J>{.x,y, «), '^{x,y, 7c), a], ri = --->p[ct>{x,y, 7t), «^(-V, r, Tt), «], 
da ou 
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and a is any value of the parameter such that at least one of [ — ) and 

\daja 

-i ) is not identically zero, and neither of them is infinite for all 
oaja 

values of X and y. 

In general a^ is a possible value. In § 4 is shown that the trans- 
formations of the group can always be put in such form that this is 
true. When for a given group this value cannot be used, this is due 
to the way in which the parameter enters, and is not a peculiarity of 
the group. 

Remark. — This theorem and its proof hold for ?i variables without 
any but obvious modifications to take account of the number of 
variables. 

NOTE II 
SOLUTION OF THE RICCATI EQUATION 

In § 18 the general method for finding the differential equations 
invariant under a given group led to the solution of the Riccati 
equation 

(39) ^' = l|l+lf5_2_|iV,'-lJy^ 



dx $ dx I \dy dxj ^ dy 

in which J', wherever it occurs, is supposed to have been replaced by 
its value in terms of x and c [say y= <t>{x, c)] obtained from 
u{x,y) = c, the solution of the differential equation 

, ^ dx dv 

(ii) T'"'- 

It is very easily seen that 
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in which V is replaced, as above, by 'f>{x, c), is a particular solution 
o' (39)- For differentiating (149) 



(^ _ I fdrj^ , dr] tA\ _ ^ fd£ . d^ dy 



} 



dx i\px dy dxj i~\dx dy dx 

Remembering that -^- = ^, this becomes 
dx i 

dx i dx $\dx dxji ^dy\^J' 

Whence follows at once that (149) satisfies (39). 

It is a well-known fact that the knowledge of a particular solution 
of a Riccati equation enables one to find a transformation of variables 
which reduces the equation to a linear differential equation of the 
first order, whose solution requires two quadratures (see £/. Dif. Eq. 
§ 73, 1°). For the sake of simplicity, writing (39) in the form 

dx 
and its particular solution / = J'o'. 

the transformation y' = - +yi 

z 

changes the differential equation into 

^+(Ji; + 2V„'X)a + X = o, 
dx 

which is linear. If 2= (o(a-, K) is the solution of this equation, 
(,50) y^ I +?[-^-. <^(:^)J 

is the solution of (39). Solving (150) for k, and replacing <^(a-, it) 

by/, j,'{x,y,y)=k 

is the required second solution of (37), § 18. 
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In II, ^L = '■^' = — -'' a = jr-+y- = f. .-. y = y/c — x^. 

— y X I -\-y'''' 

l/yl I J-' ,,12 

The Riccati equation (39) is -^f— = —■'- ■ 

The transformation y' = — I" 



reduces this to 1 2 = — ^^^zr • 

dx c- X?- v<r - ;r-' 

Integrating, 2 = V k{c — x^) 



= ^2^ + kyK 

Hence >' = "^^^ '- . 

xy + iy-{x' + y'^) y 

and i = ^- ^ =u'(x,y,y'). 

(x+yy')ix^+y') ^'^'^^ 

Compare'this with II, § 19. 



NOTE III 

ISOTHERMAL CURVES 

The condition that two distinct families of curves 

<^{x, v) = cotist. and \li{x, y) = const. 

divide the plane into infinitesimal squares may be obtained from the 
following considerations : * 

Passing to the new system of coordinates 

(15O x=^{x,y), y = \\,{x,y) 

the two families of curves have the simple equations 

X = const, and y = const. 

*AU this holds, practically without change, for isothermal curves on surfaces. 
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From ^;r = ^ ^-v + ^^- dy and dy=^-^dx + '^^ dy, 
ax ay dx dy 

, dv dy J , dx dx 

ax = — — — ^- — and dy=^- 



u.here /(^, ^) ^ ^ ^/_ M^l^, 

ax ay ay ax 

the Jacobian of <j> and ij/, which is not identically zero, since the two 
fiimilies of curves are distinct. (See £/. Dif. Eg. Note I of the 
Appendix.) 

The expression for the element of length of arc of any curve in the 
plane, in terms of the new coordinates, is 

dr = d.-c + d/= E dx^ - 2 F dx dy + G dy^, 
where the coefficients 



E=^^^_ — ^^2^-, F 



dxj \dy I „_5.r5A- dy dy f^_\dxj \dy 



) 



are to be expressed in terms of x and y by aid of (151). 

A first requirement, that the two families of curves form isothermal 
systems, is that they cut each other orthogonally. The condition for 

'^^'' d^ dj, 

dx dy _ 

dy dx 

Hence a necessary condition is that the expression for the element 
of length of arc assume the form 

d^ = Edx' + Gd^. 
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For a curve of the family x = const, (which will be referred to as an 

JT-curve) — 

dSj^ = V G dy, 

while for a y-curve dsy = ■y/~£ dx. 

If \ E = VG^ at every point in the plane, the curves divide the 
plane into infinitesimal squares, for choosing dx the same as dy, 

ds^ = dsj^ 

Moreover, if ^ E and V G contain a common factor, and each of 

the remaining factors is a function of the corresponding variable 

only, thus , — , 

VE = \(x, y)a(x), VG = \(x, y)p(y), 

the introduction of the new variables 

X= Ca(x)dx and ¥= Cfi(y)dy 

gives ds^=A(X, y)dX a.nd dsy = A{X, Y)dY, 

where A(X, Y) is what \{x, y) becomes when x and y are replaced 
by their values in terms of X and Y. The families 

X=- const, and Y^ const. 

(which are obviously the same as x= const, and y= const.) have the 
desired property. Hence the 

Theorem. — 77;,? necessary and sufficient condition that the ciin<es 
<f>(x, y) = const, and their orthogona/ trajectories tf/(x, i) = const, 
divide tlu plane into infinitesimal squares is that the choice of variables 

x=^{x,y), y = \^{x,y) 
reduces the expression for the element of length of arc to the form 

ds- = X\x, y) \ i<c{x)dx-f + {P(y)dy-] = { , 
where, in particular, a(x) and ^(jf) inav each he unity. 



ds''- = 

4- 
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Thus in the case of a family of concentric circles and their orthogonal trajec- 
tories, 

x = x-+y-, y =i, 

^x {i + y^y- '^ l\2x} ^\i + tp}] 

Putting X = log Vj, Y = tan- Iff, 

For other examples of isothermal systems, see § 24. 

NOTE IV 

DIFFERENTIAL EQUATION OF THE SECOND ORDER NOT 
INVARIANT UNDER ANY GROUP 

If the differential equation be written in the form 
y" -F{x,y,y')=o 

the condition that it be left unaltered by the group 

is [(61), § 27] 
,- ,. ^dF dF ,dF , „ , /, r-/ /x 

aa-^V a*5j a^°/ ^v^/ dxdy)^ a/-^ 



^l^a^ ^a^ ^^y jj 
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Replacing >■", wherever it occurs in i;", by F{x,y, y') the condi- 
tion (61') becomes 



(152) 



^-'^'l>- 



dr, 

dy 



dF dF dr/dF ff-T] 
dx dy dx dy' 5ar 



+ 



+ 



5'-Ti 



d'-$ 



2-- __-_,^i/r^ 
dxOy dx- ^dy \dy dx)dy'_ 



(dv_d$_yF' 



y 



d-r, d'-i ,d^dF\ 



df^'^' 



^djr " dxdy dy dy' ^ 

for all values of .v, r, v'. 

Since ( r52) is an identity with respect to x,y, and y', it is equiva- 
lent to a number of differential and finite equations in | and r;, the 
exact number depending on the form of F. Fixing one's attention 
onv' alone, (152) is equivalent to at \east /our equations, and per- 
haps more. In general it is impossible to find functions i(x, y) and 
r]{x, v) to satisfy all these conditions. 

As an example, consider the differential equation 

y" = xy,+ tan y . 
The identity (152) leads to 

{P^-4y^y+^^ny')-,y-r^-p^s.cy^... 






y;-IV--^+|>'^-v+— o, 



the dots standing for terms free of tan y' and sec y and involving 
second derivatives of $ and rj. (See below.) This identity implies 
the following relations : 

^"Wy-'d^^"' 
(/>) iy + rix=o, 
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wS^ 


= o. 




= o. 


<^>l 




dy- 


dx 



From (a) and {e) 



These together with {c) and (//) make it necessary that 

^ = const, and tj = const. 

Hence, the omission of terms involving higher derivatives of ^ and 
i; above. 

Since (^) must hold for all values of x and y 

i.e. there is no infinitesimal transformation and, therefore, no group 
that leaves the differential equation unaltered. 

Remark. — The case of a differential equation of the first order is 
entirely different. The condition that 

^ - F{x,y^ =o 

be invariant under Uf^^^-^i — h ■^ -=r 

dx ' oy 



may be put into the form 
(36') 



^ + f^5_^V--^'^-^^-- —so 
dx \dy dxj dy dx dy 

Here one of the functions, say ^, may. be chosen at random, leav- 
ing a partial differential equation in r), which always has a solution ; as 
a matter of fact it has an indefinite number of them. This is in 
entire accord with the result arrived at in § 15. 
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{U^Ui)f={UM)'f- 
The symbol of the infinitesimal transformation of the extended 

group corresponding t.oUf= i -f + rj-fis [(24), § 13] 

ax ay 

Introducing the symbol 

ax ay 
V'f may be written in the form 

^'^-'fx-'4y^^^^-y^^^fy' 

and {BU'Y ^ BiBf+ p{x, y, y') ^^, 

dy 

where p(x, y, y') = -B(Br] —/Bi) is some function of x, y, y', whose 
actual form is of no importance in this discussion. Introducing the 
additional symbol 

ay 

{BU')/msiy be written in the form 

{B[/')/ = B$B/+ p(x, y, y') Cf. 
Also {CU')f=<r(x,y,y')Cf, 

where o-(jc, v. 1') = C{Br) — y' Bi) is also a function of x, y, j', whose 
form is of no importance here. The fact to be emphasized is that 
{B U')/ and ( CV)/ are linear functions 0/ Bf and Cf, (he coefficients 
being functions of x, y, /. 
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Moreover, if U-J and U-J arc any ttvo groups, {B{U{ U-!))/ and 
{C{(7i' UJ))/ arc also linear in Bf and Cf. For from Jacobi's 
identity (§ 36) 

{B{ u; u.:))/+ ( f/,' ( uiB) )/+ ( u:{BU' ))/=o, 

{B{U^U.:))/={(BU^)U.!)f-{{BU.I)U^)f 

= {Bi,B + p,C, (7/)/-(BS,B + p,C, LV)/ 

= iu^{B^.;)-a:{Bi,)-\B/ 

+ lp,B^,^pyBi,+p,,T,-p,^,Jr Ulp.,- U.:p{]C/; 

and in an analogous manner, 

( C\ U{ U.!) )/ = ( U{<r, - aV.) Cf. 

Since {UiU-,)/ is of the same type as Uf (§ 14), it may be written 

ax ay 

and (f/,K)7=^|^ + ,|^ + (5,-y^0|4- 

ax ay ay 

Noting that {U{ U^)/ coincides with {U^U^i)'/ in the first two 
terms, at least, we may put 

ax ay dy 

It remains to show that id = Brj—yBi. 

The alternant of ^ and {U{Ui)f\5 

{B{U^U.{))/^Bif^ + {Br,-,.)f^ + B..^. 



This being linear in ^and Cf, as was proved above, 

Br,-.)^{+B.^,^X^J- 
ay ay ox 

.-. B$ = x, B^ — w = xy. 



B^f + {Br,-.)f+B.^,^xf + xy'J-+p.^. 
ax ay ay ax ay fly 
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Whence u, = Br]-y'£$. 

This, as was noted above, establishes the identity 

{U(ui)f= {u,u.;)'/. 

Remark. — It can also be proved that for the ;«-times extended 
groups 6//"' /and d/a'""/ 



NOTE VI 

CONTINUOUS GROUPS INVOLVING MORE THAN ONE 
PARAMETER 

r-parameter Group of Transformations. — The aggregate of all the 
transformations * 

. . f ■•'■l = <^(-^. J'. «I. "2, ■••, ^r), 

(153) ,, . 

obtained by assigning to the parameters a^, a,, •••, a^ all possible 
values constitutes a group, if the transformation resulting from the 
successive performance of any two of them is one of the transforma- 
tions of the aggregate. 

As in the case of one-parameter groups (Chapter I), the groups 
here considered are supposed to have their transformations pair off 
into mutually ifwcrse ones. That is, corresponding to any set of 
values of a-^, a^, ■■■, a^ there must always be another set a^, a^, •••, a„ 

* As before, <p and ^ are supposed to be generally analytic real functions of x,y, a^, 
a.2, •••, Ur ; and, unless specially stated, it will be understood that x and y are real 
and that the parameters take such values only as render x^ and y^ real. Groups of 
transformations involving two variables are considered here. For the theory of those 
involving n variables the student is referred to Lie's works, especially his Tranaforiria- 
tiflnsgruppen. Vol. I., and his Continuierlicke Gruppen ; also to Campbell's Introduc- 
tory Treatise on Lie's Theory. 
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(functions of the former ones) such that 

, , ( ^ = "^(■^'i. Vi, fli, a.,, ■ -, a,), 

(153) ,, - - -, 

Another way of putting this is: If the equations (153) are solved 
for X and y, the latter must appear as the same functions, <^ and 1//, 
respectively of x-i and^i and a set of r fiinctions of a^, 02, ••■, a„ as 
indicated by (153). 

Thus, consider the translations 

XVII xi = X -\- au yi^y + a.>. 

If one of them be followed by a second one, 

x-2= Xi + ij, y.,=yi + *2i 
the result is X2 = x + ci, y-^ -- y + ^2, 

where ^i = ai + bi, a = n-i + b^. 

Solving the equations XVII for x and y, 

X = Xi — ai, y =yi — ai. 
Hence ' ai =— ai, 02 =— <»2. 

Again, consider the displacements 

XVIII jTi = jrcosni — j'sinoi + ao. y\ = x sm a\ + y cos a\ + az. 

A second transformation of this type 

^2 = X\ cos b\ — y\ sin //i + A., y-i = xi sin ii + yi cos *i + bs, 

results in 

X2 — X cos ci — _)■ sin f 1 + co, y.2 = jr sin ci + ^ cos c 1 + C3, 

where 

ci = ai + bi, c« = a-, cos bi — aj sin bi + bt, cz = ai sin b\ + as cos bx + ^. 

Solving the equations XVIII for x and y, 

x = x\ cos(— fli) — _)'isin(— ai) — (aocosBi + ossinai), 
y = x\ sin (— ai) + ^icos(— ai) + (a>sin ai — ascosai). 

Hence 

ai = — fl], a-j = — (ao cos ai + as sin Oj), as = a-i sin ai — 03 cos a\. 
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^ _ axx + a:,y + 03 _ OjX + ii^y + ae 

a^x + aj^ + ao a^x + <jg_y + ^9 



there is no difficulty in seeing that these constitute a group. For if one of the 
above transformations be followed by 

^ _ h\x-x + h-xyx + fa _ bjXx + i^sj'i + <^6 

^7J:i -f is ji + *9 ' b^x^ + bayi + bi' 

there results ^^ = "'^ + "V + ^3 , y„_ = ^^ + '^y + ^e . 
where ^i = a\bi + 04^3 + ^'b^^ 

Ci = 32^1 + 35/^2 + flsfai 

fs = 03*1 + a^i + Agfa, 
c^ = aibi + atbs + a^bt, 
ci = ^2^4 H- asfa + agie, 
^6 = '^abi + a^bi + 09*61 
e^ = aib-i + atbs + a-ib^, 
es = I'i/'i + «6*8 + as^s. 
Tg = aj<*7 + 26*8 + a^b^. 

Moreover, the result of solving the equations XIX for x and y is 

^ _ ^4tJi_-^^^42L±_-l7 y = ^2-^1 + --^S,''! + •-'8 

^oxi + A^yi + ^9' A^Xi + A(,yi + .-/g' 

where A\, A-i, ■■■, A3 are the cofactors of the corresponding elements of the 
determinant 



ai 


02 


as 


at 


as 


ae 


"7 


«8 


ag 



Since the successive performance of two mutually inverse trans- 
formations results in the identical transformation, the latter must 
always be a member of the Lie group; hence there must always 
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exist a set of values of the parameters, a^, a.?, •••, a^, such that 

/i52^) I Xi=<i>{x,y, V, a.^, ■■■, a;') = x, 

\}\=^{x,y, <, a.!, ■■■, a,")=y. 

It is readily seen that for 

XVII, ai» = a.fi = o ; 

XVIII, ai" = aj" = as" = o ; 

XIX, ai" = ajO =r ag" = nnj/ number {liiffercnt from zero). 
aj" = as" = at" = an" = a-f = aj" = o. 



We shall further presuppose that all of the 7- parameters in (153) 
are essential, that is, that the formulae of transformation cannot be 
replaced by another set involving a smaller number of parameters 
without reducing the number of transformations represented by 
them. 

Thus xi = X + ai + as, jj, = j/ + ao 

contains no transformation that is not includeil in XVII. It involves only two 
essential parameters ; ai + a^ is no more general than at. 

In XIX, as is well known, there are only eight essential parameters ; since 
the expressions are homogeneous and of degree zero in the parameters, it is only 
the ratios of the latter to any one of them that count. 

A group involving r essential parameters is known as an 
r-parameter group. 

It is frequently possible to tell by inspection whether the parameters 
appearing are essential or not. An analytic criterion is given by the 
theorem of Note VII. 

Show that the following sets of transformations constitute groups. 
Find the respective values of the parameters that give the inverse 
and those that give the identical transformations : 

Ex. 1. -Vi = a^x + (72, ^1 = a^y + a^.. 

Ex. 2. X, = a^x + a^y + a-^, y^ — a^x + a-,y + a^. 

Ex.3. x^ = X. -\- ayy ^ a.,, yy=y-\-a^. 
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Ex. 4. Xi = x + a^f 4- floj y\ = (i^y- 

Ex. 5. jf, = (a, + I ) j; + (fla — I ) jv^- (Zj, j, = ajj: + aay + aj. 

Ex.6. ;c, = "-^ .j.= ^1^?: . 

a^ + ffjjj' + I ^2^ + flj)' + I 

Infinitesimal Transfonnation. — The transformation 

xi = </) {x, y, ai" + S^i, a/ + S<72, - • •, ^z," + Sa,) , 

JVi = ^(^, JK, V + Sa„ dr2» + 8a,, -, a,» + K), 

where ay, a', ■■■, a," determine the identical transformation and 
Sfli, Saj, •••, &j!, are infinitesimals, changes x and ^ by infinitesimal 
amounts, since if> and i/^ are supposed to be continuous functions. 
Developing by Taylor's Theorem, 

5^^(^,2i^ ^^j MC^L.^!^ stand for what 

d<f,{x,y,ay,a2, •••,«,) ^^^ a>^(-r, j, ai, a,„ ••■,a,) 
5^; 5a,. 

respectively become when a, = aj", a« = a°, ■■■, a^:=a^, and the 
unexpressed terms are of higher degree than the first in 8ai, Sa^, ••-, 
^^ The changes in x and j" are then 
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We shall suppose that at least one member of the pair 



da' ' da} 



('54) ;i„o . ;,„0 



for each value of / from i to r, does not vanish identically, and that 
all of them are finite. Calling them ii{x, y)* and rji{x, y) respec- 
tively, the transformation may be written 

(155) &x = ^i,{x,y)Ba,+ -, 8j'=2^7y.(^,j) Sfl,+ -". 

In exactly the same way as is done for one-parameter groups in 
Note I, it can be shown that infinitesimal transformations of the form 
(155) always exist, even when the parameters enter in such a way that 
for the particular values a", a.?, ■■■,aj' both members of some pair 

d,l,(x, y, a") d,p(x,y, a") 
da," ' da!> 

vanish identically, or if some one of them becomes infinite. f 

Here S^i, Sa.,, ■■■,&a, are any infinitesimal increments of the first 
order. Taking 8a as a standard infinitesimal of the first order, we 

^" Srt!i = f,8(z, Sa2 = t;r8a, ■■■, Sa^ = e^Sa, 

* Here |^ and tj^ are written as functions of x and y only, since aj", a.2^, ■•-, Or^ 
appear as numerical constants. 

t The general expressions for the coefficients in (155) are, in the notation of Note I, 



(iSS') 



= -2-0[-^(-r, v.7ti,(Z2, •••,«,), i^(J^,.)', «i,«o,— ,(t,), «i, a.., ■■■, a^], 
rli('r,y.Ui,<i.,, ••■,«,.) 



Here «i, «o, ••*, (Cr are any set of values of the parameters for which V)oth ^^ and -rji 
are finite, and at least one of them is not identically zero. The forms (155) for J,-, rn 
are what the general forms (155') become for the special choice «j = «j. = atfi 
(,i= 1,2, ■••,r). 
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where <?,, e^, ■■■, e^ are any finite constants. The general type of an 
infinitesimal transformation may then be written 



For the sake of brevity we shall write 

(157) &« = |Sfl+ •-, 8v = ,Sa+ •-, 

where i = ^^'f^i ^"'^ V — "^'iVi- Introducing the symbol 



u/^i 



Pf. 

dx 



-t=M'?.^4} 



and similarly 

ax ay 
we have 

(158) i:i/=e,uj+e,a/+ ■■■+€,[/,/. 

It can be proved * that when the r parameters of the group are 
essential d,/, U2/, ■■■ Ur/, (in which f,-, ij„ are given by (155') for 
any properly selected set of values of the parameters, in particular 
they may have the special forms (155)), are linearly independent ; 
that is, that it is impossible to find a set of constants c■^, c^, ••■, c, such 

*^^* ixUJ+ cM,/+ - + c,UJ= o, 

which is equivalent to saying that for no set of constants ^i, e.,, •••> ^r 
can both the relations > . > , , . 

'^iVi + '^2V2 + • • • + i^rVr = O 

* Thus, for example, see Lie, ContinuierlicluGruppen, Chapter 6, or his Trans/orma- 
tionsgruppen. Chapter 4. Also Campbell, loc. cit., \ 42. 

The object of this Note is to present as compactly as possible, consistent with a 
clear understanding of the chain of reasoning, the relations between r-parameter 
groups and their infinitesimal transformations. Consequently when long and tedious, 
the proofs of certain facts are omitted here. These may, however, be obtained from 
the references given. 
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hold simultaneously. Moreover, it can also be proved that if 

is any infinitesimal transformation of the group, H is a linear function 
of ii, ^2, •■•, ir with constant coefficients, and H is the same function 

of ,„ r,,,-, r,„ thus, H = Afi + 4^, + - + /4r, 

H = /l1?l + /2TJ2 + ■•• +^rVr> 

where the set ^/si, -^ + 77,^ (/= i, 2, •■■, r) 

dx oy 

is any linearly independent one. 

The coefficients of ha in (156) can therefore never both vanish 
identically. Hence at least one of the terms of first order must 
appear. Infinitesimals of higher order than the first may conse- 
quently be neglected, and the infinitesimal transformation may be 
written in the form 
(159) lx = {e^i^-^e.^.,-\ \- e,^^la,ly = {e^f^^ + c-st].,^ ■■■ +e^r),)8a. 

The change in any function /(j;,j>') produced by (159) is then 

8/= U/Sa, 
where 

(158) i//=e,UJ+e,UJ+ ••■ + e^UJ, 

as in § 3, is the symbol of the transformation (159) and will be used 
to represent it. 

The above may now be expressed as follows : 

Thf.orkm I. — FA'eiy continuous Lie group iniwlvivj; r essential 
parameters contains 1 lincarh independent infinitesimal transforma- 
tions Uif, V-if, •--, U,f, in terms of which eveiy infinitesimal trans- 
formation of tlie group can be expressed linearly with constant 
coefficients, thus 
(158) Uf=e,UJ-^e.,U.J + -+c,UJ. 

Moreover, e7iery transformation of the .type {isS^jfor all choices of 
the constants e,, e.,, ••• e^, lielongs to the group. 
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Remark i. — It follows that in any set of infinitesimal transforma- 
tions of the group, only r at most can be linearly independent. 
Moreover, starting with any r linearly independent transformations 
UJ, UJ, -, UJ, every set 

yj = ^u UJ+ e,, UJ+--+ e„ UJ 
(k= I, 2, ••-, r) 



will be linearly independent provided 
A = 



f\it 



<?ir, e.„ 



^1 



=ho. 



Any set of r linearly independent infinitesimal transformations, 
^i/> ^'1/) ■■■) VJ, may be taken as the r transformations (referred to 
in Theorem I) in terms of which all the infinitesimal transformations 
can be expressed linearly with constant coefficients ; for, since A =/= o, 
each of UJ, UJ, ■■■, UJ is a linear function of VJ, VJ, ■■■, VJ 
with constant coefficients. 

In the case of XVII ix = Sai = e\iit, Sy = Srtf. = e-^Sa. 

ax dy 

A set of linearly independent transformations is 

dx dy 

In the case of XVIII, 

ix = — y Sai + J«2 = (— 'ly + '2) 5a, Sy = xSai + Sa?, = (eix -(- is) Sa, 

,,^ I a/^ df\^ df , df 
,.U/^e,[-y-g^ + x^^^j+.,^^+e,-^. 

A set of linearly independent transformations is 

^,/^^a/_ a/, ^^^^3/ 3/. 

■' dx dy dx ^ dy 
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In the case of XIX there are only eight essential parameters. Putting at = If 

X ia-i + y Sae + i 

But = 1 — X Sot — ySas + •■; 

X ba^ -^-yba^ + I 

where the dots stand for terms of higher degree than the first. 

.•. x\ = X + bx = X -^ xSa\ + y Sa^ + Sas — x^Sot— xyBag + ■••. 
Whence, Sx = {eix + e^y + C3— e^x^ — eixy')Sa. 

Similarly, by = {tiX + tiy+it— e7xy — eiy-)ba. 

A set of linearly independent transformations is 

^,/=|^, u.f^dj: a,/^M, U^f^y^-L, U,f=x^, U.f^yf, 
■' dx ■' dy dx ^ ^ Sx ^ dy ^ dy 

U,f=x^f + xy^, U,f^xy%+y^%. 
dx ■' dy dx dy 

Ex. 7. Find the infinitesimal transformations of the groups in 
Ex. I, 2, 3, 4, 5, 6 above. 

Group Generated by Infinitesimal Transformations. — Starting with 
the infinitesimal transformation 

(158) U/=e,UJ+e,UJ-fr - ^ e,UJ 

in which the constants e^, e^, ■••, e, axe. fixed, the finite transforma- 
tions of the group generated by it may be obtained either by finding 
those solutions of 
(160) ^ = ^^^- = dt. 
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for which Xi = x and yi = y when /=o (§ 4), or in the form (§ 5), 
(161) 



xi = x + /lei UiX + — 22<'.ft l/i U^x + 



2 ! 

In both cases / is the parameter, and t=o gives the identical 
transformation. 

If ifi, £2, ■■■, If, are arbitrary constants and [/if, U-if, ■■■, U.J are 
linearly independent, the infinitesimal transformation contains r—\ 
parameters (viz. the ratios of any r— i of the if's to the remaining 
one), and the general expression (161) for the finite transformations 
generated by it contains r parameters. That these parameters are 
essential follows from the linear independence of U^f, U«f, ■■■, U^f. 
A proof of this fact may be found in Lie's Continuierliche Gruppen, 
pp. 186-190. Hence there are 00' transformations in the set (161). 

If Uif, U-if, ■■•, t/,/are r linearly independent infinitesimal trans- 
formations of an r-parameter group, every transformation of the set 
(158) belongs to the group (Theorem 1). All the transformations 
of the one-parameter group generated by any transformation (158) 
belong to the r-parameter group (Lie, Continuierliche Gruppen, 
p. 183). The oC transformations (161) therefore belong to the 
group. Moreover, every transformation of the r-parameter group 
(at least all such for which the values of the parameters are suffici- 
ently small so that when developed by Taylor's Theorem in powers 
of the parameters, as (161) are, the series are convergent) is in- 
cluded in (161) (Lie, Trans/ormationsgruppen,Vo\. I, Ch. 4, § 18). 
Hence 

Theorem II. If U^f, U^f,---, U^f are r linearly independent trans- 
formations of an r-parameter group, the latter* is precisely the aggre- 

* At least all its transformations corresponding to values of the parameters which 
differ by limited amounts perhaps (see above) from those which give the identical 
transformation. 
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gate pf all the one-parameter groups generated by the oc- ' infinitesimal 

transformations ,. , rf ^ , tt j- t , rr j- 

■' UJ= eiUj + e<,U.J-\- ■■■ + e,UJ. 

Remark 2. Since / and the ^'s appear in (i6i) in the combina- 
tions /<?,, /fv, •■-, te„ there will be no loss in suppressing the / and 
writing the finite transformations of the group in the form 



(i6i') 



:r, = jc + 2 ^, U^x -\ 2 2 e^c^U^ f^.v + •••, 

2 ! 



2 ! 



where the (?'s are now r distinct parameters. The identical trans- 
formation is given by Cx^ e„=- •■• = e, = o, arid the inverse trans- 
formation by e^ = — <", {i= i, 2, •••, r). 

In the case of XVII the general type of infinitesimal transformation is 

d-c dy 

The finite transformations (l6l') are seen at once to be 

xi=x + ei,yi =y + f«. 
In the case of XVIII 

V dx dyj dx dy 

.•. xi = X — eiy + (2 ei^x -\ cfy + —• f i*jr — •-■ 

2! 3! 4! 

= x cos ei — y sin f\ + ti. 

Similarly yi = x sin fj + y cos ei + e^. 

Remark J. The expressions for Xx and }\ in (161') may at times 
become extremely complicated, as for example in the case of the 
group XIX. Also the actual problem of integrating equations (160) 
with the ^'s arbitrary constants is usually a difficult one. To over- 
come this practical difficulty Lie suggested the following method, 
which was also given independently by Maurer {Math. A7in.,\o\. 39) : 
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Having found 
(162) :ci =</>.. (x, J', rt, ) , J'l = "Av (•«> y, «0 , 

(/=i, 2,---, r), 

the finite transformations of the one-parameter groups generated by 
each of the r hnearly independent infinitesimal transformations 
(7i/, U-if, •■■, U^f oi an r-parameter group, the result of performing 
successively one transformation (with arbitrarily selected parameter) 
out of each of the ?' groups (162) is a transformation belonging to 
the r-pararaeter group and involving the j- prirameters ^1, a«, •■■, a,. 
That these are essential follows also from the linear independence of 
Ui/, [/,/, ■■■, U,f. (See Lie, Continuierlichc Gruppen, p. 194.) 

In the case of XVII 

OX 

The successive performance of these gives 
In XVIII 

rr r ¥ , Sf ■ ■ , 

Uif= —y -(-- + x-^ : JTi = xcosai — ysinoi, yi = Jrsinai + vcosrti, 
Qx dy 

Uif=-J- : jro = jTi + flo, yi = yi, 

ax 

U%f=J- : X3 = X2, y.i=y« + as. 

dy 

The successive performance of these gives 

X:; = X cos fli — y sin «i + a.-, yj = x sin ai + y cos ai+ 03. 
In XIX 

Ui/= '.f- : xi=x + «i, yi = y, 

ox 

U-i f=% ■ xi^xu yi = yi + a., 

dy 
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ox 

Usf= x-i- : Xi = Xi, ys = 05X4 +y,, 

ay 

Utf=y -4- ■■ Xi = Xi, yn = asys, 

Uif=x'--:^ +xy~- ■ xj — . _)'7 — — , 

dx -^ dy I — fliJTe i - a^Xi 

bx ^ dy I - rts.v? I -as;'? 

The successive performance of these gives 
a:ix -{- a\y -\- a\a:\ -\- ^2^4* 

a^x+ 11^ y + «9 
where rt7 = — (a3<27 + g3a5a6«8)> «« = — ('24a7 + "(i''8 + "i''5g(;a8)> 

«j = 1 — (3103^7 + aoa^a^ + ajac^s + aiasOsae^e + anaiasasOi). 

Find the finite transformations generated by the following : 

Ex. 8. i^=(eiX + gi)^ + (eo-+es)%. 
ox oy 

Ex. 9. U/=(^i + e2X + esy)^+{et+e^ + eey)-f- 

Ex.10. f^^(.,;, + .,)| + .,|. 

Ex.11. Oy^{.,f + e,)^£+e,yf^. 

Ex. 12. C^s (^, + fnX + e^y) ^ + (^1 + ^^jc + ^sjv) /■ 

ox oy 

Ex. 13. f^s(^,X + ^2^ + ^3*y)|^+(^lJ>' + '!!*:>' + '?3/)|^. 

OX oy 



APPENDIX 225 

Lie's Principal Theorem. — It was shown abpve (Theorem II) 
that if Uxf, U>/, •••, U,f are r linearly independent infinitesimal 
transformations of an r-parameter group, the aggregate of the oo' 
transformations of the 00'-' one-parameter groups, each generated 
by an infinitesimal transformation of the set 

(158) U/=e,UJ+e,UJ+ - +eMJ, 

forms an r-parameter group. On the other hand, starting with any 
r linearly independent infinitesimal transformations U^f, U-jJ, ■■-, 
UJ (without knowing whether they form a complete set for some 
group), there is no reason to suppose that the 00' transformations 
generated by the various transformations (158) form a group. 

Thus, starting with Uif= % , Uif= x %, 

dx ■' dy 

the transformations generated by 

dx dy 

are x\ = X + a^, yi = anx + y -\ — *— = • 

2 

While these transformations involve two essential parameters, it is very easily 
seen that they do not form a group. 

A definite answer as to when the 00' transformations generated by 
the various transformations of the set (158) form a group is given by 
Lie's Principal Theorem : * TAe necessary and sufficient conditions 
that the 00' transformations generated by the oo'"^ infinitesimal trans- 
formations ,^uj+e,U,f+ ••. +e^UJ, 

* Lie calls this theorem *' Der Hauptsatz der Gnippentheorie," and gives a proof 
of it for groups involving two variables in his ContinuierlUhe Gruppen, Ch. 12. In 
his treatment of the general theory of continuous groups, this theorem is the second of 
his "three fundamental theorems." See his Continuierliche Crupper, Ch. 15, or his 
Transformationsgruppen, Vol. I, Ch. 9; also Campbell. Joe. cif., Ch. IV. 

A detailed proof of this theorem would be beyond the scope of this Note. A state- 
ment of it with illustrative examples will suffice. 

Lie ffrst deduced this theorem in 1874. 
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where U-J, Ujf, ••■, UJ are linearly independent and e-^, e^, ••■, e, are 
any constants, constitute a Lie r-parameier group arc that 

(163) {U,l\)f= c,,,UJ+ c,,MJ+ - + c,^UJ, 

(/, /C'=l, 2, •-, r), 
where the c's are constants. 

Remark 4. — This theorem is equivalent to the following two : 

I ". The infinitesimal transformations of an r-parameicr group form 
an r-paramcter group of infinitesimal transformations. (§ 43.) 

2°. The transformations cf the groups generated by the transforma- 
tions of an r-parameter group of infinitesimal transformations form an 
r-parameter group. 

In the case of XVIII, 

ax dr ' 5-1' by 

Here {i\b\)f=Uif, (,UiU-^f=-Uif, {U.Ut)/=o. 

In XIX 

{UiU.^/=o, ilhU-^f=l\f, (t/,f/,)/so, {l\i\)f= V;f, 

{h\UT)f=2^-^f^Uif^ {UiCW=Uif, iUiU'{)f=^'if' {0\Ui)/=o, 
and so on. 

Ex. 14. Show that the infinitesimal transformations in Ex. 8 to 
13 satisfy the conditions (163). 

NOTE VII 

« 

CONDITION FOR ESSENTIAL PARAMETERS 

The r parameters in 
(153) ■'^\ = <^{x,y, ay, a^, ■■■, a,), yi = il/(x,y, a^, a.^, ■■■, a,) 

are «<?/ essential if (153) can be replaced by 

(164) Xi = ^{x,y, ttj, a„, ■■■, «,_„), yi = 'i'{x,y, «„ a^, •.-, «,_„) 

(i <;«</-). 
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In this case the identities 

(165) 4, = ^, V = * 

for all values of * and y, determine a„ a.2, •■•, a,_„ as functions of 
^\> ^2, •■■, ^r > for by saying that (164) replaces (153) is meant that 
as soon as the a's are given a set of the a's is determined (not neces- 
sarily uniquely) which will give rise to the same transformation. 

A homogeneous linear partial differential equation of the first order 
in r variables 

(166) Af=xx{ai,'i.,, •••, <2!,)-=^H hXrC'^i. '^2. •••, a,)-J- = o 

is determined uniquely by r— i independent solutions.* An equa- 
tion of this type can therefore be constructed which shall have for 
solutions 

where /3r_„+], •••, fir-i, any convenient functions of the a's inde- 
pendent of the «'s, are added to the latter to make up the number 
r— I in case w > i. This equation will have for solution also any 
functions of the «'s, in particular 4> and *, * and y appearing as 
parameters ; or owing to the identities (165), by which the «'s are 
defined, <t> and 1/' will also be solutions. 

Conversely, if (j> and i/' satisfy an equation of the type (166), they 
are functions of some or all of its r — i solutions, 

■yi(a'i, a,, -■■, a,), yj(ai, ao, ■••, a,), ■■■, yr-i{ai, a,, — , a,) ; 

i.e. the a's enter <^ and i/^ in such a way that for all values of x and ji- 
<^{x, y, fli, <7„, •■•, (7,) = <^{x, y, yi, 7,, •••, y,_i), 
y^{x,y, a„ a.,, ■-, a,)s *(.v,_r, y„ y-,, •••, y,-i). 

» A proof of this for the case of r = 3 is given in the first footnote of { 34. The 
proof for r any number is exactly the same. 
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Hence the 

Theorem. — The necessary and sufficient condition thai the r para- 
meters in (153) be essential is the impossibility of finding r functions 
of them xi, Xi' '"> Xr ^^"-^ ^^^'^^ ^^^ resulting linear equation (166) 
shall have <^ and if/for solutions. 

Remark. — There is nothing in the above to show whether the 
r— I parameters yi, yj, •••, -y^.i are essential or not. The same test 
must be applied to them also, unless, as is frequently the case, the 
exact state of affairs is obvious on inspection. 

To illustrate, consider the transformation 

XI, = xa^<^'> + i^os" + c = 4i(x,y, a, i, c), 
yi =_)/al<>s' =^{x, y, a, b, c). 

If a, b, c are not essential it must be possible to find three functions of them, 
Xi(fl, b, c), X2('2, *, Oi XsC'^i ^1 c), such that the equation 

(166) Af=xi^ + X2^, + X^^=0 

da do dc 

is satisfied identically (for all values of jr ar\d y) by and f; that is 

^,^ = l2li(;cal»s» + *l»e»)xi + ^-^S-^ {xa^ogb ^ fioga-)^^ ^ Xs = o, 
a b 

for all values of x and y. These two identities are equivalent to 

«>°^'(^'xi + ^-2f X.) =0, 

*'<*«(52&-V + '-^X2)+X3=o, 
a^o,^(]2Ki^,+]£K-^,'j =0. 
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By inspection, a set of forms for xi. X2> X3 ^'^ found to be 

XI = a log a, X2 = — * log '*i X3 = o. 

Hence the three parameters are not essential. 

To express the formulje of transformation in terms of a smaller number, one 
proceeds to solve the equation 
(166') nloga^- *log*^=o. 

Passing to the corresponding system of ordinary differential equations 

da _ db dc 

a log a — b log b o 

it is obvious that log a log b and c 

are a set of solutions of (166'). Putting 

log a log b = a, whence a'^K* = (J>oK» = ««, 

the formulae of transformation take the form 

or, more simply still, x^ = a\X + a^, y\ = a\y. 



TABLE I 

In this table is given a list of the more readily recognizable forms * 
of differential equations of the first order which are known to be in- 
variant under certain groups. The same type of equation is some- 
times given in various forms, and special cases are also noted when 
this seems desirable. 

In the second column appear the groups under which the equations 
are invariant. The numbers are those employed in § 19. For the 

sake of simplicity / and q are used instead of J- and J- respectively. 

The corresponding integrating factors of § 12 are given in the 
third column. 

In the fourth cohimn appear the canonical variables.f 
When variables which are separable in the transformed equation 
(§ 20) can be obtained easily, they are given in the fifth column ; 
the form of the group resulting from the introduction of these vari- 
ables is given in the last column. 

* Other forms will be found in \ 19. 

tThere is a certain degree of freedom in the choice of canonical variables, since 
they are particular sdhitions of the differential equations ( i5') , ^^ 10, or of the correspond- 
ing ones in case the group is to be reduced to the form ^ ■ Moreover, the right-hand 

member, i, in one of these equations may lie replaced by any convenient constant (see 
Remark i, \ 2) ; use of this fact is made when it will simplify the form of the resulting 
variable. 
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General types of diflFerential equations of higher order than the 
first, invariant under given groups, are usually complicated and not 
easy to recognize. In this table are given a few which a little ex- 
perience will enable one to recognize.* Such characterizations as 
are simple are added. 



Differential Eqcaiion 


Group 


Cbaracterization 


/(.f,y,y', ■..,>'('-)) = o 


I; ? 


y is absent 


/(^-.y.y', ■■•>r(''))=o 


I';/ 


X is absent 


f(^ax^hy,y',y^\--,y<.r))=o 


XII; ip-aj 


X and y enter in the combi- 
nation ax -\- by only 


\ y y y 1 


HI; yf 


Homogeneous in _v, y'^ ••-, j'C'') 


\X" XI -1 x"-r) 


VI ; xp + nyq 

• 


Homogeneous when w eights 
of X, y, y', ■■■,y{r) arc i, n, 
n — I, "• ,11 — r respectively 


/g./.^y,-, 

xr-i.y(r) ) =o 


IV; xp+yq 


Special case of above, for « = i 


f{y, xy', jrV", ■•• , ^»-_y(r))=o 


III'; xp 


Another special case, for « = o 


0j('-) — <!>(.'')y) = o 


VII; ^{x)q 


A linear function of the vari- 
ous elements, except x, gives 
rise to a linear differential 
equation 


/[x, xy'-ky, xy'-i{i-i)y, 

...,xry(.r)-i(i-i)... 

ii-r+i)y-\=o 


VII; xi'q 


A special case, for (;r) = jr* 



♦ Other forms will be found ia § aS. 
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Differential Equation 


Group 


Characieeization 


f{x,xy<-y,y",y'\-, 

>'('-)) =0 


VII; xq 


A more special case, for 

0W = ^ 


/(..^".'^■^.■-?)=o 


VII'; ysp 




'H--'?i-^ 


VII'; yp 




/{^,yy',yy" +}■'-) = 


VIII; '? 

>' 




f{Z,xy-y,xy'^ = o 


X ; x'^p + xyq 




f{xy, xy' +y, xy" + 2y')= 


X; p-y^q 




J,....y—y y'" \ 


II; -yp+xq 


Each of the elements appear- 
ing in the differential equa- 
tion has a geometrical signifi- 
cance, which assures iuvari- 
ance under the group of rota- 
tions 


= 0, or 

ff^.,,.,. ^+yy' y'" \ 


=0, or 

z-/',.,,.. y-^y' y"^ \ 


= 



ANSWERS 

Section 1 

1. a = -; ao =r I ; the equilateral hypecbulas xiy\ = jrj/ = const. 

a 

2. ij = - ; rto = * ; the parabolas '— ^ = -i- = comt. 

a xi X 

3. a = - ; ao = I ; the semicubical pacabolao '-^ = >?- = cflnj/. 

a jri' jt' 

4. a = — a ; ao = o ; the ellipses jri'^ + 2yi- = x'^ + 2/- = const. 

5- a=r— a; ao = o; the equilateral hyperbolas x(^ — ji" = jr" — ^^ = ««i/. 

_ Vt 1/ 

6. a = — a ; a;, = o ; the straight lines ^^— = — = const. 

Xy X 

7. <i = - ; ao = I ; the straight lines y\^=. y = const. 

8. a= — aj ao = o; the spirals log yfxi^ + yi- — tan'' ^ 

x\ 

= log y/x'^ + /■* — tan-i - = const. 

Section Z 

1. ^ = x, Ti= — y. f = i, 7, = -—. ^- ^ = -^°' ') = ^7- 

2. J = 2Jr, j; =;'. jr' 2y 7. ^ = x + y, t) = o. 

3. f=2jr, J; = 37. 5. ?=;»', 7(=jr. 8. i = Jr — ^, r/^x+y. 

Section 4 
1. jTi = ir'^, yi = e-'y. 2. jri = e'^x, yi = ('jy. 3. jr, = ^-'jr, ;)/i = ir^y. 

4. jTi" = Ar2 + 2 /, yi^ = ^''^ - A . . jri = + \/x^+ 2/, yi = + ^y^ — I. 
5- J^i +/1 = i^(-^+^). -J-i— J'l =£■-'(•^-^)• 
.•. 2^i=;r(^ + ,f ') + >'(«'-<•"'). 2;Ki = ^(f" - f-') +.1'('^ + ^). 

or jTi = jr cosh t -k- y sinh /, ^j = jr sinh t + v cosh /. 

jTl i .1 1 J 1 — xt I — jr/ 

7. j'l = y, xi -\-yi=e'(x + y). .: xi = i'x +(e<- l)y, yi = y. 

8. Xi^+yi- = e^i-x' -\- y-), tan"' -''^ = tan"' J-' + /. .-. jri = «'(j:cos/'— _)'sin /), 
_yi = (^(jrsin/ +^ cos/). ' 

239 
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Section 5 

I. J-i = <fx, yi = e-<-y. 2. jr, = e^x, _)-, = ify. 3. ^1 = e^x, .n = ^y. 

4. ., = . + !. -±^+A4-3_iii+.._+V^Mr^ 

jr ^r* 2 ! ar» 3 ! x' 4'. 

, I_ I_ ^ 3_ ^ _ 3. 5 /4 _ ,-; 

2y 4^2'. 8y^ 3'. iby'' 4'. "~ ■"' " 

5. xi =x(i +L. + ^^^ ...'\+^// + ii_|.jd+ ■..\ = xcoshi + ysmh/. 

yi = x(/ + h — + ■■■]+y(l + — + — + •••'\ = ;rsinh/+ vcosh/. 

\ 3'- S- / \ 2\ 4'. J 

6. Xi =x{l +J-/+X2/2+ ...)=— £_,ji=j/(i + j:/+;rV^+ ...)=_i:L_ 

I — /-r I — tx 

7. jTi = <!'j: + (f" — !)_)', ji = y. 

8. While the coefficients in the developments can be obtained readily, it is not 
easy to recognize the functions represented by the infinite series. 

Section 6 

I. xy. 2. ^- 3. ^- 4. x'^ + zy": 5. x"^ — y'^. 6. ^- 7. y. 

XX' X 

8. log Vjt* -I- y2 _ tan-i'J^- 

Section 7 

1. .r)' = c,p.c.,* jr=^ = o,i.p. 6. _)/ = fj-, p. c. , Jr=o,!.i.p. 

2. y^ = i-JT, p. c, X =y = o, i. p. 7. j)/= ^, p. ^,., jr + y = o, 1. i. p. 

3. / = f^,p.c., j:=>'=o,i.p. 8. logv/^^Ty-- tan-i J^=f, p.c, 

4. x'' + 2/^ = o p. c. ^ =^ _ oj, p_ J^ 

5. j:'^— y^ = <•, p.c, jr=j = 0, i. p. 

Section 10 1 

I . x = xy, y = log X. yf^ , 

2 * ^ 3- -^ = 73' J' = log^- 

X. jr = -^j J/ = log_y. 

jr 4. x= x"^ + ly", y = _)/2 

* The abbreviations here used are; p. c. for path-curve, i.p. for invariant point, 
I. i. p for locus of invariant points. 

t The answers given for the exercises of this section are not unique, since they are 
particular solutions of ihe differential equations (16'). Besides, the right-hand member 
of the second of these equations may be replaced by any convenient constant (see Re- 
marl^ i, ^ 2) ; use of this fact has been made in the case of Ex. 3, 4, 6. 
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6. x = y, y = ^. 

X X 

7. x = y, y = Xog^x+y). 



«• ' = 7' « = i- y = Un-^y 



Section 11 

1. C'/=z^-; x = a, y = b, p. c.;» z = o, l.i. p.; X = x, y = y, z = log z, 

U. V. 

2. Uf=x^+y^; y — ax, z = b, p.c; jr = ;' = o, 1. i. p.; jr=tan-'--, 

Qx dy X 



y = logv'jr-' +-)-', z = z, t. y. .•. X = e^ cos x, y = ^ sin x, z = z. 

3. U/=xSL^yyLjf.z^; 2— ajr = o, z— *j' = o, p. c; jt =_)/ = z = o, i. p.; 

3-r 5j 62 

j: = tan-' "'"' = tan-' ' y = tan->^, z = logv'j«-'^ + y^~+ z\ u. v. 

V »i- + M-j^ Vjt- + y-' ^ 

.". X = e' cos 4: cos J/, y=e^ cosx sin y,z = e' smx. 
The introduction of polar coordinates reduces the group to the form of the 
group appearing in Ex. I. 

4. U/=x^+y^ + xy-^; y—ax = 0, xy—2.z = b,f.c.; x = y = o, \.'i.-p. 

dx dy dz 

X = \.a.n~^ ^ , y z= xy — 22, z = log \/x'^ + y^, c. v. 

X 

5. Uf={x-y)^-^-{x+y)^+z^; tan'i^ - logVPT^ = ^, .r' +;^2 

dx dy dz X 

— fe^ = o, p. c. ; jr =^ = 2 = o, i. p. ; x = «i, y = u-i, z = log z, c. v. 

Section 12 

2. j:''' + jv^ — fj' = o. 3. tan~'^ = ^x^ +y'^ + c, spirals [p = S + <:]. 

■^ s 

4. tan~' ^ = i logV'jr- + y' + <-, logarithmic spirals [p = «*■ ]. 

5. j:2 ^y2_ ^j, _ o_ 

Section 21 

3. xy = fix + f, g. s.,t ^x^y+ 1 =0, s. s.,^ = o, p. s. for <r = o ; § 25, 54 

* The abbreviations used in the answers of $ 7 are also employed here, with the 
additional one c. v. for canonical variables. 

t The abbreviations used here are g. a. for general solution, s. s. for singular solu- 
tion, p. s. for particular solution. 

JWhile the methods of ^^ I2and 20, especially the latter, may frequently be employed 
in finding the general solution, serious practical difficulties may arise. The references 
here given are to the places in El. Dif. Eg., where these differential equations appear 
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4. 3^7^ -\- 2 cjc + c' = o, g. s., x'^ — d-y"- = o, s. s., ^ = o, p. s. for c = o, § 27, 8. 

5. 7 =: c{x — cY, g. a., ^'(27 >' — 4 jH*) = o, s. s., also J = o, p. s. for f = O; 
§ 26, 4. 

6. f- = Zcx -\- c', g. a., (32 jt' + 27^') = o, s. s., J* =: o, p. s. for ^ = o ; § 27, 7. 

7. X -\- cxy -\- fi = o, g. s., j:/^ - 4 = o, 3. s.; § 28, 3. 



Section 24 

1. The equilateral hyperbolas x' — y' = c. 

2. y = (rjr*. /. y = <^jr, when i = « ; xy = c, when b=^a. 

3. The circles j:^ + j*^ + i = o-. 

Section 26 

' dx 

2. ui''>/=x^-y^,-2y"-Sl „y«>-i£.. 

3. c/(-.>/=;t|^-;>.|^-2y|4 (»+')^'"5^- 

5-r dr dy' oy' 

+ (^i,-„a)y^-)Jf- 

dy-"' 

5j^ Sy 5j ' 



■(.--M^- 



dy ay ay '^ a/"' 

7. £/<")/ = ^2^ + rjrv^ + [ry+C'--2);fy]^-^ + [2(r- IW 
a-r ' dy dy' 

+ (r - 4);r:y '] ^ + ... +[„(r- «+ i)yn-l) + (r— 2 »).«>(»>] -SZL. 
dy" d/"^ 

as exercises. Practicable methods may be found there. But when the methods of 
the text can be carried out, they should be employed, to obtain practice in them. 

However, the method of f 21 for finding the singular solution leaves nothing to be 
desired. (Compare El. Dif. Eg. Chapter V.) 
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Section 28 

3. y=cixd'. 4- ^ = -^log( — + ■^aj- 5- y = x(,t:i\ogx + 1:2). 

Section 29 
Section 32 



XI ^ cy-iz 

z 



3. x^+y^. 4. -^ 5. -^ 6. x'^ -\- y"^ -^-t^ — 2yz — 2zx— 2xy. 

z ex — az 



7- (^x-y){i -z) 



Section 34 



The group I leaves a and d unaltered. 

The group 2 leaves a unaltered. 

The group 3 leaves c unaltered. 

The group 4 leaves a, b and c unaltered. 

Section 35 

2. u= — ^^, v = x-y — z. 

z' 

3. u=y — x, v=(x +y)(x +y + 4z), OT xy+yz + zx. 

4. u s -** + -"^ "'" - >'^ + •''^ ^ v=y ~ X — yz + xz, ot u=y + xz, v = x+yz. 

y — X — yz + xz 

Section 38 

3. Method A, 3° applies. 4. Method B, 4°, (a) applies. 

5. Method B, 1° applies, usx — y, v—y — z. 

6. Method B, 3° applies. u = ^-^-^, v^^x'^ - y'^)i.i - z"^)- 

X + yz 



Section 39 

3. y = logsec (x + a) + i. 4- y'' = "'^ + *■*■• 

Section 40 

5. >< = log sec (j: + a) + A 6. -=cie'. 8. f = ax^ + ix. 
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Section 44 

I. a. 2. 5. 3. p. 4. (3. 5. 7. 6. y. 

Sectdob 4S* 

:£. Since {UiUi)f= Uxf- Uif, consider Fi/s Uif- V\f=y^ and Kj/ 

= £7" /= X -^ ■ For these x = y, u = — ■ 
9-^ y 

3- ■1' = ^^^^. y = 4- j: = \/x^ + /•*, y = tan-''2 

X +y X -\-y X 

6. Since {U\U-!)f=Uif, consider Vif=U«f, ¥2/=- Uxf. For these 

x(x+y) X 

Section 49 

I. xi=x — ap, yi=y - I af-, px = p. 

_ p(xp - y) y- xp x ^2yp-xp-^ 

^ y — xp y — xp X 

px — y xf>^ 

5. jri = ^^-— — , yx=y-xp, px=--—- 

p y 



NOTE VI 

«! <'\ "X 

A A A A A A 

A = a\ai — aiot ; a^ = as" = i, 02° = "s" = "4° = ^e" = O- 

3. fli = — ci, <72 = — 02 + aifls, as = — flj ; ai" = a;" = a^" = o. 

* Since multiplying its symbol by a constant does not affect the infinitesimal trans- 
formation of a group (Remark i, ^ 2), the answers in this section are not unique. Use 
is made of this fact in Ex. i, 3, 4, 6. 
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4. ai = -, a2 = — n2. "3 = — ; 01" = a<fi = 0, as" = I. 

"S' as 

ai + ag ai + fl2 ai + ao 

6. ai = — , a2 = = , as = -; ai" = I, ao" = as" = o. 

«1 ai ai 

U2/S (cix + t^y + ^5) ^+l^t^x + t^y + i^)^- 

ox ay 

The groups generated by the infinitesimal transformations of Ex. 8 to 13 are 
precisely the respective groups of Ex. I to 6. 



INDEX 

TAe Mum&ert refer to pages. 

The following abbreviations are used : dif. eq. = difTerential equation ; gr. 3 group ; 
infl. = infinitesimal ; i. u. = invariant under ; ord. = order ; tr. = transformation. 



Aflfine tr., 3, 54 
AltemaiK, 44 

of symbols of extended trs., 209 
Asymptotic lines, 80 

Bernoulli equation, 58 

Canonical form, 26, 34, 64, 155 
Canonical variables, 26, 34, 64, 156 
Change of variables, 23, 33, 188 
Characteristic function of infi. contact tr., 

186 
Classification of two-parameter grs., 153 
Commutator. 45 
Complete system, 104, 106, no 

equivalent, 106 

Jacobian, 107, no 
Contact tr., 178, i8i ; infl,, 185 
Curvature, lines of, 81 
Curve of union of elements, 175, 189 

Differential equation of i, ord., 189 

i. u. gr., 40. 44, 45, 46, 48. 50, 52, 194, 231 

Dif. eq. of 2. ord. i. a, gr., 86, 90, 134, 137, 
148, 165. 236 
not i. u. any gr., 206 

Dif. eq. of n. order i. u. gr., 99. xoi, 236 

Differential invariant, 51, 88, 194 

Dilatations, 185, x86 

Displacements, 212 

Distinct grs., 122, 123, 125 

Distinct infl. trs,, 7 



Elements, lineal, 175 

union of, 175, 194 
Equivalent complete systems, 106 
Essential parameters, 214 

condition for, 226 



Extended gr., 4s, 84 
Extended point tr., 41, 83, 180 

First differential invariant, 51, 194 
First integral, 191 

General exprewion for gr. leaving dif. eq. 

of I. ord. unaltered, 49 
Group, z, 28. 2x1 

distinct, 123. X33, X35 

extended, 42, 84 

generated by infl. tr.* 10. 13, 14, 30, aao 

iQvoIving one parameter, i, 28 

involving r parameters, 21X 

of contact trs., 185 

of infl. trs., 146 

property, 2 

trivial, 39, 119, 196 

Homogeneous dif. eq. (Boole), 93 



Identical tr., 4 

Independent linear partial dif, eqs., 104 

Infinitesimal contact tr., 185 

characteristic function of, 186 

symbol of, 186 
Infinitesimal tr., 6, 29, 197, 2x5, 218 

distinct, 7 

gr. generated by, 10, is, 14, 30, 220 

linearly independent, 143, 217 

r-parameter gr. of, 146 

symbol of, 8, 42, 84, 85, 3x8 
Integrating factor, 37, 47, 69, 76 

common to two dif. f qs., 72 

two, for the same dif. eq., 48 
Intermediary integral, igx 
Invariant, 16, 31 

curve, 17, 18, 3X, 33 
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Invariant 

differential, 51, 88, 194 

dif. eq., see Dii. eq. 

equation, 18, 32 

family of curves, 20, 22 

linear partial dif. eq., 115, 118, 119, 122, 
124 

point, 17, 19, 31 

surface, 31, 32 
Inverse tr., 3, 29, 211 
Involute, 70 

of a circle, 70 
Involution, functions in, 179 
Isothermal curves, 72, 79, 203 

Jacobian complete system, 107, 110 
Jacobi's identity, 121 

Lie gr., 3 

Lie's principal theorem, 225 

Lineal element, 175 

Linear ordinary dif. eq. of i. ord., 56, 57 

of 2. ord., 92, 94, 139, 140, 173. 174 

of «. ord., 102 
Linear partial dif. eq. i. u. a gr., 115, 118, 
119 

i. u. two grs., 122, 124 
Linearly independent infl. trs., 143, 217 

number of, leaving dif. eq. of ord. ny 1 
unaltered limited, 143, 146 
Lines of curvature, 81 

Method of solution of 

complete system, iii, 113 
dif. eq. of i, ord,, 38, 49, 63, 66, 193 
of 2, ord., 88, 134, 137, 165. 169, 193 
of n. ord., loi 
linear partial dif. eq., 119, 124 
Minimal lines, 78 

H-times-extended gr., 84 ; tr., 83 

Once-extended gr., 42 ; tr., 41 

Parallel curves, 70 

Path-curve, 4, 10, 11, 17, 18, 19, 31, 67 

Perspective tr., 3 

Point tr., 40 

extended, 41, 83, 180 
Poissonian symbol, 179 
Product of trs., 2 
Projective tr., general, 213 



Reciprocal polars, tr. by, 180, 184 
Riccati equation, 52, 59, 201 
Rotations, 2 

r-parameter gr. of infl. trs., 146 
of trs., 211, 214 

Second differential invariant, 88 

Separation of variables, 63 

Similitudinous tr., 3 

Singular solution, 66 

Subgroup, 149 

Symbol of extended infl. tr., 42, 84, 85 

of inf^. contact tr., x&6 

of infi. tr., 8, 218 
System, complete, see Complete system 

Transform of a tr., 24 
Transformation 

affine, 3, 54 

by reciprocal polars, 180, 184 

contact, 178, 181 

extended, 41, 83 

general projective, 213 

gr. of, I, 28, 211 

identical^ 4 

infl., 6, 29, 185, 197, 215, 218 

inverse, 3, 29, 211 

perspective, 3 

point, 40 

product of, 2 

similitudinous, 3 
Translation, 2, 53, 212 
Trivial gr., 39, 119, 196 
Twice-extended gr., 84; tr, 83 
Two-parameter grs., classification of, 152 
Two-p>arameter subgroups always exist, 

150 
Types of dif, eqs. of x. ord. i. u. given grs., 
52. 231 

of 2. ord. i, u, given grs., 90, 236 

of ff. ord, i. u. given grs., loi, 236 

Union of elements, 175, 176, 194 

curve of, 175. 189 
United elements, 175 

Variables 

canonical, 26, 34, 64, 156 
change of, 23, 33, i88 
separation of, 63 
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